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RELATIVE DIFFERENTIAL COHOMOLOGY
CHRISTIAN BECKER
ABSTRACT. We study two notions of relative differential cohomology, using the model
of differential characters. The two notions arise from the two options to construct rela-
tive homology, either by cycles of a quotient complex or of a mapping cone complex. We
discuss the relation of the two notions of relative differential cohomology to each other.
We discuss long exact sequences for both notions, thereby clarifying their relation to ab-
solute differential cohomology. We construct the external and internal product of relative
and absolute characters and show that relative differential cohomology is a right module
over the absolute differential cohomology ring. Finally we construct fiber integration and
transgression for relative differential characters.
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2 CHRISTIAN BECKER
1. INTRODUCTION
Differential cohomology is a refinement of integral cohomology by differential forms.
The first model for differential cohomology is the graded group Ĥ∗(X ;Z) of differential
characters, defined by J. Cheeger and J. Simons in [16]. Differential characters of de-
gree k are certain homomorphisms h : Zk−1(X ;Z)→U(1) on the abelian group of smooth
singular (k− 1)-cycles on X . By now there exist lots of different models for differential
cohomology, formulated in terms of smooth Deligne (hyper-)cohomology [8], [9], [14],
de Rham-Feder currents [20], [23], [21], [22], differential cocycles [25], [11] or simplicial
forms [17]. In low degrees there exist more special models like gerbes, Hitchin gerbes [24],
and bundle gerbes [31] for k = 3 and bundle 2-gerbes [37] for k = 4. Axiomatic definitions
have been provided in [35] and [1] for differential refinements of ordinary cohomology
and in [12], [13] for differential refinements of generalized cohomology theories. Con-
structions of generalized differential cohomology theories have appeared in [25] and [9],
[10]. As a particular case of generalized cohomology, there are several models of dif-
ferential K-theory [29], [19], [12], [36]. Most of these treatments do not cover relative
differential cohomology.
In analogy to the case for absolute cohomology, we may define relative differential co-
homology as a refinement of relative integral cohomology by differential forms. Relative
differential cohomology groups have been considered in several contexts like differential
characters [20], [7], [43], differential cocyles [43], [7], ˇCech cocycles [43]. They have also
appeared in more special models like relative gerbes [33], and for differential extensions
of generalized cohomology theories [41]. Relative algebraic differential characters have
been studied in [4]. Relative differential cohomology groups are closely related to trivi-
alizations of differential cohomology as considered in [42], [32]. Physical applications of
relative differential cohomology groups have been sketched in [26] and [34]. Applications
to Chern-Simons theory are discussed in [42] and [2].
It seems that a systematic discussion of notions and models for relative differential co-
homology including e.g. uniqueness, module structures, long exact sequences etc. is still
missing. In the present paper we treat the case of relative differential (ordinary) coho-
mology. As in the preceding paper [1] we work with the group Ĥ∗(X ;Z) of differential
characters as a model for differential cohomology. The definition and elementary proper-
ties of differential characters are easily transferred from absolute to relative cohomology.
We consider the following situation: let X be a smooth manifold and iA : A → X the
embedding of a smooth submanifold. There are two ways to define the relative singu-
lar homology: either as the homology of the (smooth singular) mapping cone complex
C∗(iA;Z) or as the homology of the quotient complex C∗(X ,A;Z) := C∗(X ;Z)/im(iA∗).
There arise two different notions of relative cycles and hence two notions of relative dif-
ferential characters.
The first option was treated in [7] and will be reviewed in Section 3.1 below. The
characters on Zk−1(iA;Z) thus obtained are called relative differential characters. We adopt
this notion, although it would also be appropriate to call them mapping cone characters.
We denote the corresponding group of relative differential characters by Ĥk(iA;Z). It is
a differential refinement of the relative cohomology Hk(iA;Z) ∼= Hk(X ,A;Z). In fact, the
notion of relative differential characters is established in [7] not just for embeddings but
for any smooth maps ϕ : A → X . This way one obtains a differential refinement Ĥk(ϕ ;Z)
of the mapping cone cohomology Hk(ϕ ;Z). These characters are treated also in [1, Ch. 8],
where we derive a long exact sequences that relates the groups of relative and absolute
differential characters.
The second option has appeared in [20] for the special case of the inclusion of the
boundary i∂M : ∂M → M of a smooth manifold with boundary. We treat this version of
relative differential cohomology as groups of characters on Zk−1(X ,A;Z) in detail in Sec-
tion 3.3. Here A ⊂ X is an arbitrary smooth submanifold. We denote the corresponding
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group of differential characters by Ĥk(X ,A;Z). It yields another differential refinement
of the relative cohomology Hk(X ,A;Z). We show that the group Ĥk(X ,A;Z) corresponds
to the subgroup of parallel characters in Ĥk(iA;Z). In this sense, Ĥk(iA;Z) is finer as a
refinement of Hk(X ,A;Z) than Ĥk(X ,A;Z). We derive a long exact sequence that relates
the group Ĥk(X ,A;Z) to absolute differential cohomology groups on X and A.
We clarifiy the relation of the two notions of relative differential cohomology above
to another notion that has appeared in the literature, namely the relative Hopkins-Singer
groups ˇHk(ϕ ;Z) for a smooth map ϕ : A→ X and ˇHk(iA;Z) for the embedding iA : A → X
of a smooth submanifold. These groups have been constructed in [7]. It is shown there
that ˇHk(ϕ ;Z) is a subquotient of Ĥk(ϕ ;Z). In Section 3.4 we show that Ĥk(X ,A;Z) is a
subgroup of ˇHk(iA;Z).
In Chapter 4 we discuss internal and external products in differential cohomology. The
internal product and ring structure on Ĥ∗(X ;Z) was constructed first in [16]. Uniqueness
of the ring structure was proved in [35] and [1]. The proof in [1, Ch. 6] starts from an
axiomatic definition of internal and external products and ends up with a new formula for
the latter. In that sense it is constructive. In the present paper we give a new proof of the
key lemma in the uniqueness proof from [1, Ch. 6]. This new proof starts from the original
definition in [16] and ends up with the formula in [1, Ch. 6]. Further, we use the methods
from [1, Ch. 6] to construct a product of absolute and relative differential characters. This
provides the graded group Ĥ∗(ϕ ;Z) of relative differential characters with the structure of
a module over the ring Ĥ∗(X ;Z) of absolute differential characters. The module structure
is natural with respect to pull-back and the structure maps (curvature, covariant derivative,
characteristic class and topological trivializations) are multiplicative.
Last but not least, in Chapter 5 we construct fiber integration of relative differential char-
acters and transgression maps as we did for absolute differential characters in [1, Ch. 7–9].
To some extent thus, the present work is a “relativization“ of the results obtained in [1]
on the absolute differential cohomology ring Ĥ∗(X ;Z) of a smooth manifold X . In fact,
the ”relativization” is a generalization of those results from absolute to relative differential
cohomology. The results for absolute differential cohomology are reproduced as a special
case. We show that fiber integration in fiber products is compatible with cross products
of characters, and we derive the up-down formula from this. We generalize in two ways a
result from [1] on integration over fibers that bound: For integration of relative differential
characters over fibers that bound, we find topological trivializations of the integrated char-
acters as in [1]. For integration of absolute characters in fiber bundles that bound along
a smooth map into the base – a notion we introduce in Section 5.2 – we show that the
integrated characters admit sections along that map with covariant derivatives prescribed
by fiber integration.
The methods in [1] use representations of smooth homology classes by certain geomet-
ric cycles, namely Kreck’s stratifolds [27]. In the present paper we need to adapt these
representations to mapping cone cohomology classes. This is done in Chapter 2 below. It
provides the necessary prerequisites from relative (or mapping cone) stratifold homology
that are needed in the rest of the paper.
Acknowledgments. It is a great pleasure to thank Christian Ba¨r and Matthias Kreck
for very helpful discussions. Moreover, the author thanks Sonderforschungsbereich 647
funded by Deutsche Forschungsgemeinschaft for financial support.
2. STRATIFOLD HOMOLOGY
In this chapter we construct relative stratifold homology as a geometric homology iso-
morphic to mapping cone homology of a smooth map ϕ : A → X . We first discuss the
concept of thin chains from [1]. This yields the notion of refined fundamental classes of
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closed oriented smooth manifolds or stratifold. We introduce the notion of geometric rel-
ative cycle and their refined fundamental classes. We prove that the bordism theory of
relative stratifolds in (X ,A) is isomorphic to the smooth singular mapping cone homology
of a smooth map ϕ : A → X . Finally, we adapt the construction of the pull-back operation
of geometric cycles and of the transfer map for smooth singular cycles in the base of a
fiber bundle pi : E → X with closed oriented fibers from [1, Ch. 3] to mapping cone relative
homology.
2.1. Thin chains. We briefly recall the concept of thin chains defined in [1, Ch. 3] and
certain equivalence relations on singular chains and cycles, respectively. Let Ck(C;Z) de-
note the abelian group of smooth singular k-chains in a smooth manifold X . Let Zk(X ;Z)
and Bk(X ;Z) denote the subgroups of smooth singular k-cycles and k-boundaries, respec-
tively. A thin k-chain is a chain s ∈Ck(X ;Z) such that for every k-form ω ∈ Ωk(X), we
have
´
s
ω = 0. This happens for instance if s is supported in a (k− 1)-dimensional sub-
manifold. Thin chains are preserved by the boundary operator and thus form a subcomplex
S∗(X ;Z)⊂C∗(X ;Z).
2.1.1. Degenerate chains. Let ∆k := {∑ki=0 tiei | ∑ki=0 ti = 1} ⊂ Rk+1 be the standard k-
simplex. Let l j : ∆k+1 →∆k be the j-th degeneracy map. A smooth singular (k+1)-simplex
σ : ∆k+1 → X is called degenerate, it if is of the form σ = σ ′ ◦ l j for some k-simplex σ ′
and j ∈ {0, . . . ,k}. Let Dk(X ;Z) ⊂ Ck(X ;Z) be the submodule generated by degenerate
simplexes. Elements of D∗(X ;Z) are called degenerate chains. It is easy to see that de-
generate chains are preserved by the boundary operator ∂ of the singular chain complex.
Thus (D∗(X ;Z),∂ ) is a subcomplex which is well-known to have vanishing homology
[40]. Hence the homology of the quotient complex C∗(X ;Z)/D∗(X ;Z) is canonically iso-
morphic to the smooth singular homology H∗(X ;Z).
Degenerate chains are special examples of thin chains, i.e. D∗(X ;Z) ⊂ S∗(X ;Z), since
differential forms vanish upon pull-back by degeneracy maps. In particular, any degenerate
cycle z∈ Z∗(X ;Z)∩D∗(X ;Z) is the boundary of a thin chain: since [z] = 0∈H∗(D∗(X ;Z)),
we find a chain c ∈ D∗(X ;Z) ⊂ S∗(X ;Z) such that ∂c = z. This might not be the case for
arbitrary thin cycles.
2.1.2. The mapping cone complex. Let ϕ : A → X be a smooth map. We denote by
Ck(ϕ ;Z) := Ck(X ;Z)×Ck−1(A;Z) the group of k-chains in the mapping cone complex
of ϕ . The differential ∂ϕ : Ck(ϕ ;Z)→ Ck−1(ϕ ;Z) of the mapping cone complex is de-
fined as ∂ϕ(s, t) := (∂ s+ϕ∗t,−∂ t). We denote by Zk(ϕ ;Z) and Bk(ϕ ;Z) the k-cycles
and k-boundaries of this complex. Moreover, set Sk(ϕ ;Z) := Sk(X ;Z)×Sk−1(A;Z) for the
space of thin chains in the mapping cone complex.
The homology of the mapping cone complex is denoted by H∗(ϕ ;Z). The short exact
sequence of chain complexes
0 // C∗(X ;Z) // C∗(ϕ ;Z) // C∗−1(A;Z) // 0
induces a long exact sequence of homology groups:
. . . // H∗(X ;Z) // H∗(ϕ ;Z) // H∗−1(A;Z)
ϕ∗ // H∗−1(X ;Z) // . . . .
The connecting homomorphism coincides with the map on homology induced by ϕ .
The mapping cone cochain complex (C∗(ϕ ;Z),δϕ ) associated with the cochain map
ϕ∗ : C∗(X ;Z)→ C∗(A;Z) coincides with the dual complex to (C∗(ϕ ;Z),∂ϕ ). The co-
homology of this complex is denoted by H∗(ϕ ;Z) and will be referred to as the mapping
cone cohomology. We obtain the corresponding long exact sequence:
. . . // H∗−1(A;Z) // H∗(ϕ ;Z) // H∗(X ;Z) ϕ
∗
// H∗(A;Z) // . . . .
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In case ϕ = iA : A →֒ X is the inclusion of a subset, we have a natural chain map q :
C∗(iA;Z)→C∗(X ,A;Z), (v,w) 7→ v+ im(iA∗). Here Ck(X ,A;Z) :=Ck(X ;Z)/iA∗(Ck(A;Z))
is the relative chain complex. The long exact sequences together with the five lemma
provide identifications H∗(ϕ ;Z) ∼= H∗(X ,A;Z) and H∗(ϕ ;Z)∼= H∗(X ,A;Z).
Let (Ω∗(ϕ),dϕ) be the relative or mapping cone de Rham complex as defined in [6,
p. 78]. Thus Ωk(ϕ) := Ωk(X)×Ωk−1(A) with the differential dϕ(ω ,ϑ) := (dω ,ϕ∗ω −
dϑ). We denote the cohomology of this complex by H∗dR(ϕ) and call it the mapping cone
de Rham cohomology.
Integration of a pair (ω ,ϑ) ∈ Ωk(ϕ) over a chain (a,b) ∈ Ck(ϕ ;Z) is defined in the
obvious manner: ˆ
(a,b)
(ω ,ϑ) :=
ˆ
a
ω +
ˆ
b
ϑ .
Thus pairs of differential forms (ω ,ϕ) ∈ Ωk(ϕ) can be considered as differential cochains
in Ck(ϕ ;R). Moreover, by the mapping cone Stokes theorem
(1)
ˆ
∂ϕ (a,b)
(ω ,ϑ) =
ˆ
(∂a+ϕ∗b,−∂b)
(ω ,ϑ) =
ˆ
(a,b)
(dω ,ϕ∗ω − dϑ) =
ˆ
(a,b)
dϕ(ω ,ϑ)
the inclusion (Ω∗(ϕ);dϕ ) →֒ (C∗(ϕ ;R),δϕ ) is a chain map.
The short exact sequence of de Rham complexes
0 // Ω∗−1(A) // Ω∗(ϕ) // Ω∗(X) // 0
gives rise to the long exact sequence
. . . // Hk−1dR (A) // H
k
dR(ϕ) // HkdR(X) // HkdR(A) // . . .
in de Rham cohomology. The de Rham theorem together with the five Lemma yields the
identification H∗dR(ϕ)∼= H∗(ϕ ;R).
2.1.3. Equivalence classes. Let c ∈ Ck(X ;Z) be a smooth singular k-chain in X .
We consider its equivalence class modulo thin chains, i.e. its image in the quotient
Ck(X ;Z)/Sk(X ;Z). We denote this class by [c]Sk . Similarly, for a smooth singular k-cycle
z ∈ Zk(X ;Z) we consider its equivalence class modulo boundaries of thin chains, i.e. the
image in the quotient Zk(X ;Z)/∂Sk+1(X ;Z). We denote this class by [z]∂Sk+1 . Finally, for
a cycle (s, t) ∈ Zk(ϕ ;Z) of the mapping cone complex we consider its equivalence class
[s, t]∂ϕ Sk+1 ∈ Zk(ϕ ;Z)/∂Sk+1(ϕ ;Z) modulo boundaries of thin chains.
These equivalence classes show up rather naturally when considering fundamental
classes of oriented closed manifolds or p-stratifolds, as shall be explained in the next sec-
tion.
Moreover, by definition of thin chains, integration of differential forms over smooth
singular cycles descends to the equivalence classes modulo boundaries of thin chains. Thus
we have well-defined integration maps
Zk(ϕ ;Z)/∂ϕSk+1(ϕ ;Z)×Ωk(ϕ)→ R ,
([s, t]∂ϕ Sk+1 ,(ω ,ϑ)) 7→
ˆ
[s,t]∂ϕ Sk+1
(ω ,ϑ) :=
ˆ
(s,t)
(ω ,ϑ) ,
and similary for absolute cycles and differential forms, see [1, Ch. 3].
2.2. Refined fundamental classes. Let M be a closed oriented k-dimensional smooth
manifold. Triangulation yields a fundamental cycle z ∈ Zk(M;Z). Any two such cycles
differ by a boundary ∂a ∈ Bk(M;Z). For dimensional reasons, we have Ck+1(M;Z) =
Sk+1(M;Z). Thus the fundamental class of M may be regarded as equivalence class
in Zk(M;Z)/∂Sk+1(M;Z). We denote this class by [M]∂Sk+1 . A smooth map f : M →
X yields an induced class f∗[M]∂Sk+1 ∈ Zk(X ;Z)/∂Sk+1(X ;Z). We refer to [M]∂Sk+1
(resp. f∗[M]∂Sk+1) as the refined fundamental class of M (in X).
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Now let M be a compact oriented smooth k-dimensional manifold with boundary and
i∂M : ∂M →M the inclusion of the boundary. By triangulation we obtain a smooth singular
chain x ∈Ck(M;Z) together with a smooth singular cycle y ∈ Zk−1(∂M;Z) such that ∂x =
y. Thus the pair (x,y) ∈Ck(M;Z)×Ck−1(∂M;Z) is a cycle in Zk(i∂M;Z). Moreover, y is a
fundamental cycle of ∂M.
For any two such chains x,x′ ∈Ck(M;Z), obtained from triangulations of M, we find a
chain a ∈Ck+1(M;Z) = Sk+1(M;Z) such that x− x′− ∂a is supported in ∂M. Since M is
supposed to be k-dimensional, we have x− x′− ∂a =: b ∈Ck(∂M;Z) = Sk(∂M;Z). Thus
M comes together with a well-defined equivalence class in Ck(M;Z)/Sk(M;Z). We denote
this class by [M]Sk .
We may also collect the data on ∂M into the equivalence class: any two pairs (x,y) and
(x′,y′), obtained as above from traingulations, differ by the relative boundary ∂ (a,b) =
(∂a+b,−∂b) of a pair (a,b)∈Ck+1(M;Z)×Ck(∂M;Z) =Ck+1(i∂M;Z). For dimensional
reasons, we then have Ck+1(ϕ ;Z) = Sk+1(ϕ ;Z). Thus the pair (M,∂M) comes together
with a well-defined equivalence class in Zk(i∂M;Z)/∂Sk+1(i∂M;Z). We denote this class
by [M,∂M]∂Sk+1 .
A commutative diagram of smooth maps
∂M //
g
  ❇
❇❇
❇❇
❇❇
❇ M
f
❅
❅❅
❅❅
❅❅
❅
A ϕ // X
yields an induced class ( f ,g)∗[M,∂M]∂Sk+1 ∈ Zk(ϕ ;Z)/∂ϕ Sk+1(ϕ ;Z). We refer to
[M,∂M]∂Sk+1 (resp. ( f ,g)∗[M,∂M]∂Sk+1 ) as the refined fundamental class of (M,∂M) (in
(X ,A)).
Restriction to the boundary maps the refined fundamental class
[M,∂M]∂Sk+1 ∈ Zk(i∂M;Z)/∂Sk+1(i∂M;Z) of (M,∂M) to the refined fundamental
class [∂M]∂Sk ∈ Zk−1(∂M;Z)/∂Sk(∂M;Z) of the boundary (and similarly for the classes
in (X ,A)).
Remark 1. In the same way as explained for a closed oriented smooth manifold, we
can associate to a closed oriented p-stratifold M a refined fundamental class [M]∂Sk+1 ∈
Zk(M;Z)/∂Sk+1(M;Z) obtained from a triangulation of the top-dimensional stratum. Sim-
ilarly, to a compact oriented p-stratifold M with closed boundary N = ∂M we associate an
equivalence class [M,N]∂Sk+1 ∈ Zk(i∂M;Z)/∂Sk+1(i∂M;Z). Restriction to the boundary
maps the refined fundamental class [M,N]∂Sk+1 to the refined fundamental class [∂M]∂Sk
of the boundary.
2.3. Geometric cycles. We use a notion of geometric cycles similar to the one in [1,
Chap. 4]. In contrast to the cycles and boundaries approach formulated there, in the
present work we use the original construction from [27] of geometric or stratifold ho-
mology H∗(X) as the bordism theory of stratifolds in X .
The concept of geometric cycles is motivated by the aim to represent singular homology
classes in a smooth manifold X by smooth submanifolds. By work of Thom [39] this is not
allways possible: in general, there are homology classes not representable as fundamental
classes of submanifolds, see e.g. [3]. Replacing smooth manifolds by certain types of
singular manifolds, it is possible to represent all homology classes by certain geometric
spaces. This is achieved either by pseudomanifolds in the sense of Baas and Sullivan, or
by stratifolds in the sense of Kreck [27]. Here we use stratifolds, as we did in [1].
Let n ∈ N0. The abelian semigroup Zk(X) of geometric k-cycles is the set of smooth
maps f : M→X , where M is a k-dimensional oriented compact p-stratifold without bound-
ary (see [27, pp. 35 and 43] for the definition of stratifolds). The semigroup structure is
RELATIVE DIFFERENTIAL COHOMOLOGY 7
defined by disjoint union. For n < 0 put Zn(X) := {0}. For a smooth map f : X → Y we
define f∗ : Zn(X)→Zn(Y ) by concatenation, i.e. f∗(M g−→ X) := M f◦g−−→ Y .
For an oriented stratifold S we denote by S the same stratifold S with reversed orienta-
tion. A bordism between geometric k-cycles f : S → X and f ′ : S′ → X in X is a smooth
map F : W → X from a (k+ 1)-dimensional compact oriented p-stratifold with boundary
∂W = S⊔S′ such that F |S = f and F |S′ = f ′. Geometric k-cycles S f−→ X and S′ f
′
−→ X are
called bordant if there exists a bordism between them. This defines an equivalence rela-
tion on Zk(X). For transience note that stratifolds with boundary can be glued along their
boundary.
The bordism class of a geometric k-cycle S f−→ X is denoted by [S f−→ X ]. The k-th
stratifold homology of X is the set of bordism classes Hk(X) := {[S f−→ X ] | f ∈Zk(X)} of
geometric k-cycles in X . Orientation reversal defines an involution on Zk(X) which
maps S f−→ X to S f−→ X . The involution is compatible with the bordism relation and thus
yields a well-defined involution on Hk(X). The stratifold homology Hk(X) is an abelian
group where the inverse of [S f−→ X ] is given by [S f−→ X ]. A null-bordism of S⊔S f⊔ f−−→ X is
given by S× [0,1] F−→ X , F(s, t) := f (s).
The stratifold homology group Hk(X) can equivalently be defined as the quotient of the
semigroup Zk(X) of geometric cycles by a sub semigroup of geometric boundaries, as in
[1, Ch. 3]. In the present work we use the bordism theory formulation, since this seems
more suitable for generalization to relative homology.
A k-dimensional closed p-stratifold M has a fundamental class [M] ∈ Hk(M;Z), see
[27, p. 186]. More precisely, triangulation of the top dimensional stratum yields a smooth
singular cycle in Zk(M;Z). Any two such cycles differ by the boundary of a smooth sin-
gular chain in Ck+1(M;Z) = Sk+1(M;Z). Thus we have a well-defined equivalence class
[M]∂Sk+1 ∈ Zk(M;Z)/∂Sk+1(M;Z). As in the previous section, we call it the refined fun-
damental class of M. Composition with smooth maps yields a well-defined semigroup
homomorphism Zk(X)→ Zk(X ;Z)/∂Sk+1(X ;Z) mapping the geometric cycle M
f
−→ X to
the equivalence class f∗[M]∂Sk+1 . It descends to a group isomorphism Hk(X)→Hk(X ;Z),
[M f−→ X ] 7→
[ f∗[M]∂Sk+1], see [27, p. 186].
Differential forms in Ω∗(X) can be pulled back to a stratifold S along a smooth map
f : S → X . Integration of differential forms over (refined fundamental classes of) compact
oriented stratifolds is well-defined and the Stokes theorem holds [18]. For a geometric
cycle ζ ∈Zk(X), represented by S f−→ X , and a differential form ω ∈ Ωk(X), we write:
ˆ
[ζ ]∂ Sk+1
ω =
ˆ
[S]∂ Sk+1
f ∗ω =
ˆ
S
f ∗ω .
2.4. Relative stratifold homology. In this section we introduce relative stratifold homol-
ogy by adapting the well-known definition of relative bordism groups to stratifolds. More
precisely we modify the classical notion in order to represent the mapping cone homol-
ogy H∗(ϕ ;Z) of a smooth map as a bordism theory of stratifolds. The standard construc-
tion yields a long exact sequence that relates the absolute and relative stratifold homology
groups.
2.4.1. Geometric relative cycles. Let k ≥ 0. Let S be a k-dimensional compact oriented
regular p-stratifold with boundary ∂S = T , and let ∂T = 0. By a smooth map (S,T ) ( f ,g)−−−→
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(X ,A) we understand a pair of smooth maps f : S→ X and g : T → A such that the diagram
T //
g
❄
❄❄
❄❄
❄❄
❄ S
f
❃
❃
❃
❃
❃
❃
❃
A ϕ // X
commutes. We define the abelian semigroup
Zk(ϕ) := {(S,T )
( f ,g)
−−−→ (X ,A) |∂S = T,∂T = /0}
of geometric relative cycles, where the semigroup structure is given by disjoint union. For
k = 0, we have Z0(ϕ) = Z0(X).
A bordism from (S0,T0)
( f0,g0)
−−−−→ (X ,A) to (S1,T1)
( f1,g1)
−−−−→ (X ,A) is a smooth map
(W,M) (F,G)−−−→ (X ,A) with the following properties:
• W is a (k+ 1)-dimensional compact oriented regular p-stratifold with boundary ∂W .
• The boundary ∂W is the union of compact oriented stratifolds (diffeomorphic to) S0,
S1 and M such that ∂M = ∂S1⊔∂S0 and S0∩M = ∂S0 and S1∩M = ∂S1.
• On the boundary components Si, i = 1,2, we have F |Si = fi.
Geometric relative k-cycles in (X ,A) are called bordant if there exists a bordism between
them. This defines an equivalence relation on Zk(ϕ). For transience of the relation, we
note that bordisms can be glued along parts of the boundary, as explained in [27, Sec. A.2].
The bordism class of a geometric relative k-cycle ( f ,g) ∈Zk(ϕ) is denoted by [ f ,g].
For a pair of compact oriented p-stratifolds (S,T ) as above, we denote by (S,T ) the
same stratifolds with reversed orientation. Orientation reversal defines an involution on
geometric relative cycles which maps (S,T ) ( f ,g)−−−→ (X ,A) to (S,T ) ( f ,g)−−−→ (X ,A). The in-
volution is compatible with the bordism relation in the sense that orientation reversal on
bordisms mapping (W,M) (F,G)−−−→ (X ,A) to (W ,M) (F,G)−−−→ (X ,A) induces orientation reversal
on the cycles related by the bordisms. In other words, we have a well-defined involution
on bordism classes : [ f ,g] 7→ [ f ,g] := [( f ,g)].
We define the k-th relative stratifold homology group Hk(ϕ) as the set of all bordism
classes [ f ,g] of geometric relative k-cycles ( f ,g) ∈ Zk(ϕ). Given a geometric relative
k-cycle (S,T ) ( f ,g)−−−→ (X ,A), we find a null-bordism (W,M) (F,G)−−−→ (X ,A) of ( f ,g)⊔( f ,g) by
setting W := S× [0,1], M := ∂S× [0,1] and F(s, t) := f (s), G(s, t) := g(s). The semigroup
structure on Zk(ϕ) thus yields an abelian group structure on Hk(ϕ), where the inverse of a
bordism class [ f ,g] is given by [ f ,g]. In the following we will write [ f ,g]+ [ f ′,g′] instead
of [( f ,g)⊔ ( f ′,g′)] and correspondingly−[ f ,g] instead of [ f ,g].
2.4.2. Long exact sequence. The smooth map ϕ : A → X induces a semigroup homomor-
phism ϕ∗ : Zk(A) → Zk(X), f 7→ ϕ ◦ f . Moreover, we have the canonical semigroup
homomorphisms i : Zk(X)→ Zk(ϕ), f 7→ ( f , /0), and p : Zk(ϕ)→ Zk−1(A), ( f ,g) 7→ g.
To simplify notation, we write geometric cycles in X as ζ ∈Zk(X) and cycles relative to ϕ
as pairs (ζ ,τ) ∈Zk(ϕ). The bordism class of a geometric relative k-cycle (ζ ,τ) ∈Zk(ϕ)
is denoted by [ζ ,τ]. Instead of the empty map /0 we write 0 for the neutral element in
the semigroup Zk−1(A) (and similary for the other semigroups of geometric cycles). The
maps just defined now read ϕ∗ : ζ 7→ ϕ∗ζ and i : ζ 7→ (ζ ,0) and p : (ζ ,τ) 7→ τ .
These semigroup homomorphisms are bordism invariant and hence descend to group
homomorphisms on stratifold homology. They fit into the following long exact sequence:
Proposition 2 (Long exact sequence). Let ϕ : A → X be a smooth map and k ≥ 0. Then
we have the following exact sequence relating absolute and relative stratifold homology
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groups:
. . . // Hk(X)
j∗ // Hk(ϕ)
p∗ // Hk−1(A)
ϕ∗ // . . . // H0(ϕ) // 0 .
Proof. Conceptually, the proof of exactness of the sequence is the same as for oriented
smooth bordism homology, see e.g. [38, Ch. 21]:
Exactness at Hk(X): Let g : T → A be a geometric cycle in Zk(A). Then we have
j(ϕ∗g) = (ϕ ◦ g, /0) : (T, /0)→ (X ,A). We set W := T × [0,1] and F : W → X , F(x, t) :=
ϕ(g(x)). Then we have ∂W = T ×{0}⊔T ×{1}. Moreover, we set M := T ×{1} and
G : M → A, G(x,1) := g(x). This defines a null bordism (W,M) (F,G)−−−→ (X ,A) of j(g) =
(ϕ ◦ g, /0). Thus the composition Hk(A)
ϕ∗
−→Hk(X)
j∗
−→Hk(ϕ) is the trivial map.
Now let f : S → X be a geometric cycle in X such that j∗([S f−→ X ]) = 0 ∈ Hk(ϕ).
Choose a null bordism (W,M) (F,G)−−−→ (X ,A) of j( f ) = ( f , /0) : (S, /0)→ (X ,A). Then we
have ∂M = ∂S⊔ /0 = /0 and S∩M = ∂S = /0, thus ∂W = S⊔M. Moreover, F|S = f and
F |M = ϕ ◦G. Thus we have a geometric cycle G : M → A, and a bordism F : W → X from
f to ϕ ◦ g. This shows [S f−→ X ] = ϕ∗[M g−→ A].
Exactness at Hk(ϕ): By definition, the image of the composition Zk(X)
j
−→ Zk(ϕ)
p
−→
Zk−1(A) is the empty map, which represents the trivial bordism class.
Now let [(S,T ) ( f ,g)−−−→ (X ,A)] ∈Hk(ϕ) be a relative bordism class with p∗[ f ,g] = [g] =
0 ∈Hk−1(A). Then we find a k-dimensional compact oriented stratifold Q with boundary
∂Q = T and a smooth map G : Q → A such that G|∂Q = g. Glueing S and Q along T =
∂Q = ∂S, we obtain a k-dimensional oriented closed stratifold N := S∪T Q. We extend the
maps f and ϕ ◦G to a smooth map r : N → X .
It remains to construct a bordism (W,M) (F,G)−−−→ (X ,A) from (S,T ) ( f ,g)−−−→ (X ,A) to
(N, /0) (r, /0)−−→ (X ,A). To this end, set W := N × [0,1] and F : W → X , F(n, t) := r(n).
Thus ∂W = N × {0} ⊔ N × {1}. We set M := Q × {0}. This yields a smooth map
(W,M) (F,G)−−−→ (X ,A).
We have ∂W = S×{0}∪M∪N×{1}. Moreover ∂M = ∂Q×{0}= ∂S×{0}= T and
S×{0}∩M = ∂S = T and N×{1}∩N = /0. By construction, we have F|S×{0} = f and
F |N×{1} = r. Thus we have constructed a bordism (W,M)
(F,G)
−−−→ (X ,A) from (S,T ) ( f ,g)−−−→
(X ,A) to (N, /0) (r, /0)−−→ (X ,A). In other words, we have shown that [ f ,g] = j∗[r, /0].
Exactness at Hk−1(A): Let (S,T )
( f ,g)
−−−→ (X ,A) ∈ Zk(ϕ) be a geometric relative cycle.
Then we have ∂S = T and f |∂S = ϕ ◦ g. Thus S f−→ X is a null bordism of ϕ∗(p( f ,g)) =
ϕ ◦g : T →X . In other words, the composition Hk(ϕ)
p∗
−→Hk−1(A)
ϕ∗
−→Hk−1(X) is trivial.
Now let T g−→ A be a geometric cycle in Zk−1(A) such that ϕ∗[g] = [T
ϕ◦g
−−→ X ] = 0 ∈
Hk−1(X). Choose a null bordism S
F
−→ X of T ϕ◦g−−→ X . Then (S,T ) (F,g)−−−→ (X ,A) is a relative
geometric cycle in Zk(ϕ) and p(F,g) = g.
Exactness at H0(ϕ): The map j∗ : H0(X)→ H0(ϕ) is induced by the isomorphism
j : Z0(X)
∼=
−→Z0(ϕ). Hence it is surjective. 
2.4.3. Relative stratifold homology and mapping cone homology. In [1] we used geo-
metric cycles in Zk(X) to represent singular homology classes in X . A geometric cycle
ζ ∈ Zk(X), given by a smooth map M f−→ X , yields an equivalence class f∗[M]∂Sk+1 ∈
Zk(X ;Z)/∂Sk+1(X ;Z). By a slight abuse of notation, we denote this class as [ζ ]∂Sk+1 and
refer to it as the refined fundamental class of ζ . The map Zk(X)→ Zk(X ;Z)/∂Sk+1(X ;Z),
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ζ 7→ [ζ ]∂Sk+1 , is a semigroup homomorphism and commutes with the boundary opera-
tors. By [27, p. 186], the induced map Hk(X) → Hk(X ;Z), [ζ ] 7→ f∗[M], is a group
isomorphism. Similarly, a geometric relative cycle (ζ ,τ) ∈ Zk(ϕ), given by a smooth
map (S,T ) ( f ,g)−−−→ (X ,A), has a refined fundamental class [ζ ,τ]∂ϕ Sk+1 := ( f ,g)∗[S,T ]∂Sk+1 ∈
Zk(ϕ ;Z)/∂ϕSk+1(ϕ ;Z).
Taking refined fundamental classes commutes with maps i : Zk(X) → Zk(ϕ) and
p : Zk(ϕ)→Zk−1(A) defined above: Restriction to the boundary maps the refined funda-
mental class [ζ ,τ]∂ϕ Sk+1 ∈ Zk(ϕ ;Z)/∂ϕ Sk+1(ϕ ;Z) to the refined fundamental class [τ]∂Sk ∈
Zk−1(A;Z)/∂Sk(A;Z) of the boundary. Similarly, under the map i : Zk(X)→ Zk(ϕ) the
refined fundamental class [ζ ]∂Sk+1 ∈Zk(X ;Z)/∂Sk+1(X ;Z) of a geometric cycle is mapped
to the refined fundamental class [ζ , /0]∂ϕ Sk+1 ∈Zk(ϕ ;Z)/∂ϕ Sk+1(ϕ ;Z) of the corresponding
relative cycle.
Let (ζ ,τ),(ζ ′,τ ′) ∈ Zk(ϕ) be represented by smooth maps (S,T ) ( f ,g)−−−→ (X ,A) and
(S′,T ′) ( f
′,g′)
−−−→ (X ,A). Let (W,M) (F,G)−−−→ (X ,A) be a bordism from (S,T ) ( f ,g)−−−→ (X ,A)
to (S′,T ′) ( f
′,g′)
−−−→ (X ,A). Choose a triangulation of W and the induced triangulations of
S,S′,M ⊂ ∂W . We thus obtain a chain (w,m) ∈ Ck+1(W ;Z)×Ck(M;Z). Denote the cor-
responding fundamental cycles of (S,T ) and (S′,T ′) by (s, t) and (s′, t ′), respectively. By
definition of the bordism relation, we find
( f ′,g′)∗(s′, t ′)− ( f ,g)∗(s, t) = ∂ϕ
(
(F,G)∗(w,−m)
)
.
This yields for the refined fundamental classes:
(2) [ζ ′,τ ′]∂ϕ Sk+1 − [ζ ,τ]∂ϕ Sk+1 = ∂ϕ
(
(F,G)∗[W,M]Sk+1
)
.
In particular, the fundamental classes coincide: ( f ′,g′)∗[S′,T ′] = ( f ,g)∗[S,T ] ∈ Hk(ϕ ;Z).
Hence the refined fundamental class homomorphism Zk(ϕ)→ Zk(ϕ ;Z)/∂ϕSk+1(ϕ ;Z),
(ζ ,τ) 7→ [ζ ,τ]∂ϕ Sk+1 := ( f ,g)∗[S,T ]∂Sk+1 , descends to a group homomorphism Hk(ϕ)→
Hk(ϕ ;Z), [ζ ,τ] 7→ [[ζ ,τ]∂ϕ Sk+1]=( f ,g)∗[S,T ]. Here [S,T ]∈Hk(S,T ;Z) denotes the usual
fundamental class of the stratifold S with boundary T and
[
[ζ ,τ]∂ϕ Sk+1
]
denotes the image
of the refined fundamental class [ζ ,τ]∂ϕ Sk+1 ∈ Zk(ϕ ;Z)/∂ϕ Sk+1(ϕ ;Z) in the mapping cone
homology Hk(ϕ ;Z) = Zk(ϕ ;Z)/∂ϕCk+1(ϕ ;Z).
In fact, this map is a group isomorphism. Thus geometric relative cycles represent
homology classes of the mapping cone:
Theorem 3 (Relative stratifold homology). Let ϕ : A → X be a smooth map and k ≥ 0.
Then the map Hk(ϕ)→ Hk(ϕ ;Z), [ζ ,τ] 7→ [[ζ ,τ]∂ϕ Sk+1], is a group isomorphism.
Proof. The refined fundamental classes of absolute and relative geometric cycles yield a
commutative diagram
(3) Zk(A)
ϕ∗ //

Zk(X)
i //

Zk(ϕ)
p //

Zk−1(A)

ϕ∗ //

Zk−1(X)

Zk(A;Z)
∂Sk+1(A;Z)
// Zk(X ;Z)
∂Sk+1(X ;Z)
// Zk(ϕ;Z)
∂ϕ Sk+1(ϕ;Z)
// Zk−1(A;Z)
∂Sk(A;Z)
// Zk−1(X ;Z)
∂Sk(X ;Z) .
In the induced diagram on homology, the two left as well as the two right vertical maps are
group isomorphisms by [27, p. 186]. By the five lemma, so is the middle vertical map. 
2.4.4. Integration of differential forms. As above let Ω∗(ϕ) be the mapping cone de Rham
complex of a smooth map ϕ : A → X . Integration of differential forms in Ω∗(ϕ) over
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refined fundamental classes of geometric relative cycles is well-defined. For (ω ,ϑ) ∈
Ωk(ϕ) and (ζ ,τ) ∈Zk(ϕ), represented by (S,T ) ( f ,g)−−−→ (X ,A), we write:ˆ
[ζ ,τ]∂ϕ Sk+1
(ω ,ϑ) =
ˆ
[S,T ]∂ Sk+1
( f ,g)∗(ω ,ϑ) =
ˆ
(S,T )
( f ,g)∗(ω ,ϑ) .
2.5. The cross product. For geometric cycles ζ ∈Zk(X) and ζ ′ ∈Zk′(X ′) the cartesian
product of the corresponding stratifolds defines a cross product on stratifold homology, see
[27, Ch. 10] and [1, Ch. 6]: if ζ is represented by M f−→ X and ζ ′ is represented by M′ f ′−→X ′
then the cross product ζ × ζ ′ is the stratifold represented by M×M′ f× f ′−−−→ X ×X ′. This
cartesian product of stratifolds is compatible with bordism: if W F−→ X is a bordism from
ζ0 → ζ1, then W × S′ F× f
′
−−−→ X ×X ′ is a bordism from ζ0× ζ ′ to ζ1× ζ ′, and similarly for
bordisms of the second factor. Thus the cartesian product descends to a product of stratifold
bordism groups. This coincides with the homology cross product under the isomorphism
H∗(X)
∼=
−→ H∗(X ;Z).
2.5.1. Cross products of geometric cycles. Analogously, we define the cross product of a
geometric relative cycle (ζ ,τ) ∈Zk(ϕ), represented by (S,T ) ( f ,g)−−−→ (X ,A), with a geomet-
ric cycle ζ ′ ∈Zk′(X ′), represented by S′→ f ′X ′: the stratifold
(S,T )× S′ ( f ,g)× f
′
−−−−−→ (X ,A)×X ′
represents a geometric relative cycle (ζ ,τ)× ζ ′ ∈Zk+k′(ϕ × idX ′).
The cartesian product is compatible with the bordism relation: If (W,M) (F,G)−−−→ (X ,A)
is a bordism from (ζ0,τ0) to (ζ1,τ1), then (W,M)× S′ (F,G)× f
′
−−−−−→ (X ,A)×X ′ is a bordism
from (ζ0,τ0)× ζ ′ to (ζ1,τ1)× ζ ′. Likewise, if W ′ F ′−→ X ′ is a bordism from ζ ′0 to ζ ′1, then
(S,T )×W ′ ( f ,g)×F
′
−−−−−→ (X ,A)× X ′ is a bordism from (ζ ,τ)× ζ ′0 to (ζ ,τ)× ζ ′1. Thus the
cartesian product descends to a cross product
× : H∗(ϕ)⊗H∗(X ′)→H∗(ϕ× idX ′)
on stratifold homology.
Choosing triangulations of the stratifolds involved and refining them to triangulations of
the various cartesian products, it is easy to see that the cross product on stratifold bordism
groups coincides with the ordinary homology cross product. In the same way, the cross
product × : H∗(ϕ)⊗H∗(X ′)→ H∗(ϕ × idX ′) on stratifold bordism groups is identified
with the homology cross product × : H∗(ϕ ;Z)⊗H∗(X ′;Z)→ H∗(ϕ× idX ′ Z).
2.6. The pull-back operation. Let pi : E →X be a fiber bundle with closed oriented fibers.
Let ϕ : A→ X be a smooth map and Φ : ϕ∗E → E the induced fiber bundle map in the pull-
back diagram
ϕ∗E Φ //
pi

E
pi

A ϕ // X .
We adapt the pull-back operation PB• on geometric cycles in the base of a fiber bundle from
[1, Ch. 4]. In the notation of the present paper, we define PBE : Zk(X)→ Zk+dimF(E)
by mapping the geometric cycle M f−→ X to f ∗E F−→ E . Here F : f ∗E → E denotes the
induced bundle map on the total space of the pull-back bundle pi : f ∗E →M. Similarly, we
may define a pull-back operation PBE,ϕ∗E : Zk(ϕ)→Zk+dimF(Φ) by mapping the relative
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cycle (S,T ) ( f ,g)−−−→ (X ,A) to ( f ∗E,g∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E). Here G : g∗(ϕ∗E)→ ϕ∗E is
the bundle map in the pull-back diagram induced by g : T → A and the bundle ϕ∗E → A.
These maps fit into the following commutative diagram of pull-back bundles:
(4) g∗(ϕ∗E) //

G
$$■
■■
■■
■■
■■
f ∗E

F
  ❆
❆❆
❆❆
❆❆
❆
ϕ∗E Φ //

E

T //
g
%%❏
❏❏
❏❏
❏❏
❏❏
❏❏
S
f
!!❈
❈❈
❈❈
❈❈
❈
A ϕ // X
Since T = ∂S and ϕ ◦ g = f |∂S, we have in particular g∗(ϕ∗E) = ( f |∂S)∗E = ∂ ( f ∗E)
and Φ◦G = F . Thus ( f ∗E,g∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E) indeed defines a geometric cycle in
Zk+dimF(Φ).
The pull-back operation PB• on geometric relative cycles is compatible with the maps
i : Zk(X)→ Zk(ϕ) and p : Zk(ϕ)→ Zk−1(A) and the pull-back operations on geomet-
ric cycles in X and A, respectively. Thus we have a commutative diagram of pull-back
operations:
(5) Zk+dimF(E) i // Zk+dimF(Φ)
p // Zk−1+dimF(ϕ∗E)
Zk(X) i
//
PBE
OO
Zk(ϕ) p //
PBE,ϕ∗E
OO
Zk−1(A) .
PBϕ∗E
OO
2.6.1. Compatibility with fiber integration of differential forms. As above let Ω∗(Φ) be
the mapping cone de Rham complex for the induced bundle map Φ : ϕ∗E → E . Fiber in-
tegration on the relative de Rham complex is defined componentwise: for (ω ,ϑ) ∈Ωk(Φ)
put  
F
(ω ,ϑ) :=
( 
F
ω ,
 
F
ϑ
)
.
This obviously defines a map
ffl
F : Ω
k(Φ)→ Ωk−dimF(ϕ).
Fiber integration of differential forms is natural with respect to pull-back along the
induced bundle maps in the pull-back diagram (4). In other words, for a smooth map
(Y,B)
( f ,g)
−−−→ (X ,A) and the corresponding map ( f ∗E,g∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E), we have:
(6)
 
F
(F,G)∗(ω ,ϑ) = ( f ,g)∗
 
F
(ω ,ϑ) .
Moreover, fiber integration is compatible with the mapping cone de Rham differentials:
dϕ
 
F
(ω ,ϑ) =
(
d
 
F
ω , ϕ∗
 
F
ω + d
 
F
ϑ
)
=
( 
F
dω ,
 
F
Φ∗ω + dϑ
)
=
 
F
dΦ(ω ,ϑ) .(7)
Thus fiber integration of differential forms descends to a well-defined homomorphism
HkdR(Φ)→H
k−dimF
dR (ϕ) of the mapping cone de Rham cohomologies.
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The pull-back operation PB• is compatible with fiber integration of differential forms
in the following sense: Let (ζ ,τ) ∈ Zk(ϕ) be a geometric relative cycle, represented by
(S,T ) ( f ,g)−−−→ (X ,A), and (ω ,ϑ) ∈ Ωk+dimF(Φ). Then we have:ˆ
[PBE,ϕ∗E (ζ ,τ)]∂ΦSk+dimF+1
(ω ,ϑ) =
ˆ
( f ∗E,g∗(ϕ∗E))
(F,G)∗(ω ,ϑ)
(6)
=
ˆ
(S,T )
( f ,g)∗
 
F
(ω ,ϑ)
=
ˆ
[ζ ,τ]∂ϕ Sk+1
 
F
(ω ,ϑ) .(8)
2.6.2. Compatibility with bordism and refined fundamental classes. The pull-back op-
eration PB• is compatible with the bordism relation in the following sense: Let
(ζ ,τ),(ζ ′,τ ′) ∈ Zk(ϕ) be geometric relative cycles, represented by (S,T ) ( f ,g)−−−→ (X ,A)
and (S′,T ′) ( f
′,g′)
−−−→ (X ,A), respectively. Let (W,M) (F,G)−−−→ (X ,A) be a bordism from
(ζ ,τ) to (ζ ′,τ ′). Then the induced bundle map (F∗E,G∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E) de-
fines a bordism from PBE,ϕ∗E(ζ ,τ) to PBE,ϕ∗E(ζ ′,τ ′). Consequently the pull-back op-
eration yields a homomorphism on relative stratifold homology Hk(ϕ)→ Hk+dimF(Φ),
[(ζ ,τ)] 7→ [PBE,ϕ∗E(ζ ′,τ ′)]. This may be considered as a transfer map on relative strati-
fold homology.
As above let (W,M) (F,G)−−−→ (X ,A) be a bordism from (ζ ,τ) to (ζ ′,τ ′). Choose a tri-
angulation of the stratifold F∗E and the induced triangulations of G∗(ϕ∗E). This yields
a smooth singular chain (a,b) ∈ Ck(F∗E;Z)×Ck−1(G∗(ϕ∗E);Z). Restricting the bundle
G∗(ϕ∗E)→ M to the subspaces S and S′ of ∂W , we obtain induced triangulations of f ∗E
and f ′∗E . Let (x,y),(x′,y′) ∈ Zk+dimF(Φ;Z) be the induced fundamental cycles. Since
(F∗E,G∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E) is a bordism from PBE,ϕ∗E(ζ ,τ) to PBE,ϕ∗E(ζ ′,τ ′), we
obtain from the bordism relation:
(x′,y′)− (x,y) = ∂Φ
(
(F,G)∗(a,−b)
)
.
In particular, we obtain for the refined fundamental classes:
[PBE,ϕ∗E(ζ ′,τ ′)]∂ΦSk+dimF+1 − [PBE,ϕ∗E(ζ ,τ)]∂ΦSk+dimF+1
= ∂Φ
(
(F,G)∗[(F∗E,G∗(ϕ∗E))]Sk+dimF+1
)
.(9)
We use this relation in the following section to construct transfer maps on the level of
cycles.
2.6.3. Compatibility with fiber products. The pull-back operation for fiber bundles
pi : E → X and pi ′ : E ′ → X ′ with closed oriented fibers is compatible with the cross prod-
uct of geometric cycles and the pull-back operation for the fiber product pi×pi ′ : E×E ′→
X ×X ′. This means that the following diagram is graded commutative:
(10) Zk+dimF(Φ)⊗Zk′+dimF ′(E ′) × // Zk+k′+dim(F×F ′)(Φ× idE ′)
Zk(ϕ)⊗Zk′(X ′) ×
//
PBE′
OO
PBE,ϕ∗E
OO
Zk+k′(ϕ × idX ′) .
PB(E,ϕ∗E)×E′
OO
The graded commutativity is caused by orientation conventions: cartesian products carry
the ordinary product orientation while fiber bundles are oriented like products of first the
base and then the fiber. The fiber product pi×pi ′ : E×E ′→X×X ′ carries the orientation of
a fiber bundle over X×X ′ with fiber F×F ′. This orientation might differ from the product
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orientation of the total spaces (in case the total spaces carry an orientation). Explicitly, for
cycles (ζ ,τ) ∈Zk(ϕ) and ζ ′ ∈Zk′(X ′), we have:
(11) PB(E,ϕ∗E)×E ′((ζ ,τ)× ζ ′) = (−1)k′·dimF ·PBE,ϕ∗E(ζ ,τ)×PBE ′(ζ ′) .
We use this relation in the following section to construct transfer maps compatible with the
cross product.
2.7. Transfer maps. As above let pi : E → X be a fiber bundle with closed oriented fibers
and ϕ : A→ X a smooth map. In [1, Ch. 4] we used geometric cycles to construct a transfer
map λ : Ck(X ;Z)→Ck+dimF(E;Z) that commutes with the boundary operator. Moreover,
it is compatible with fiber integration of differential forms in the sense that for any smooth
singular cycle z ∈ Zk(X ;Z) and any closed differential form ω ∈ Ωk+dimF(E), we have´
z
ffl
F ω =
´
λ (z) ω . Here we construct a transfer map λϕ : Zk(ϕ ;Z)→ Zk+dimF(Φ;Z) that
commutes with the maps i : Zk(X ;Z)→ Zk(ϕ ;Z) and p : Zk(ϕ ;Z)→ Zk−1(A;Z). These
transfer maps are used in Section 5.1 to construct fiber integration on relative differential
cohomology.
2.7.1. Representation by geometric cycles. The construction of the transfer map in [1,
Ch. 4] is based on the pull-back operation PB• on geometric cycles and a homomorphism
that chooses geometric cycles to represent homomology classes. More precisely, for any
singular cycle z ∈ Zk(X ;Z) choose a geometric cycle ζ (z) and a singular chain a(z) such
that [z− ∂a(z)]∂Sk+1 = [ζ (z)]∂Sk+1 . In other words, the refined fundamental class of ζ (z)
represents the homology class of z. These choices can be made into homomorphisms
ζ : Zk(X ;Z)→Zk(X) and a : Zk(X ;Z)→Ck+1(X ;Z) be first defining them on a basis and
then extending linearly.
Now we do the same for cycles of the mapping cone complex of a smooth map ϕ : A→
X . By Theorem 3, the relative stratifold homology Hk(ϕ) is isomorphic to the mapping
cone homology Hk(ϕ ;Z). Thus for any relative cycle (s, t) ∈ Zk(ϕ ;Z) we may choose a
geometric relative cycle (ζ ,τ) ∈ Zk(ϕ) such that its bordims class [ζ ,τ] ∈ Hk(ϕ) maps
the mapping cone cohomology class [s, t] ∈ Hk(ϕ ;Z) under the isomorphism Hk(ϕ) →
Hk(ϕ ;Z) from Theorem 3. In particular, we find a singular chain (a,b) ∈ Ck+1(ϕ ;Z)
such that [ζ ,τ]∂ϕ Sk+1 = [(s, t)− ∂ϕ(a,b)]∂ϕ Sk+1 . We say that the geometric relative cycle
(ζ ,τ) ∈Zk(ϕ) represents the homology class [s, t] ∈ Hk(ϕ ;Z).
We may organize the choice of geometric relative cycles (ζ ,τ) and singular chains (a,b)
satisfying [ζ ,τ]∂Sk+1 = [(s, t)− ∂ϕ(a,b)]∂Sk+1 into group homomorphisms
(ζ ,τ)ϕ : Zk(ϕ ;Z)→Zk(ϕ) , (s, t) 7→ (ζ ,τ)ϕ (s, t) ,
(a,b)ϕ : Zk(ϕ ;Z)→Ck+1(ϕ ;Z) , (s, t) 7→ (a,b)ϕ(s, t) = (a(s, t),b(s, t)) ,
by first defining them on a basis of Zk(ϕ ;Z) and then extending linearly. These homomor-
phisms can be made compatible with the maps i and p as follows: The group Zk(ϕ ;Z) of
relative cycles sits in the split exact sequence
(12) 0 // Zk(X ;Z) i // Zk(ϕ ;Z) p // Zk−1(A,Z)
σoo // 0
where i : s 7→ (s,0) and p : (s, t) 7→ t. Choose a splitting σ : Zk−1(A;Z)→ Zk(ϕ ;Z). From
bases of Zk(X ;Z) and Zk−1(A;Z) and the splitting σ we obtain a basis of Zk(ϕ ;Z). We may
thus choose the homomorphism (ζ ,τ)ϕ : Zk(ϕ ;Z) → Zk(ϕ) compatible with the maps
p and i and the homomorphism ζ defined on absolute cycles as follows: For basis ele-
ments (s, t) in the image of i : Zk(X ;Z) → Zk(ϕ ;Z)), put (ζ ,τ)ϕ (s, t) := (ζ (s),0). For
complementary basis elements (s, t) = σ(t), obtained from a basis of Zk−1(A;Z), choose
(ζ ,τ)ϕ (s, t) ∈ Zk(ϕ) such that p((ζ ,τ)ϕ (s, t)) = τ(s, t) = ζ (t) ∈ Zk−1(A). Then extend
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linearly. This yields a commutative diagram
(13) Zk(X ;Z) i //
ζ

Zk(ϕ ;Z)
p //
(ζ ,τ)ϕ

Zk−1(A;Z)
ζ

Zk(X) i
// Zk(ϕ) p // Zk−1(A) .
Similarly, we may choose the homomorphism (a,b)ϕ : Zk(ϕ ;Z)→Ck+1(ϕ ;Z) compatible
with the maps i and p and the homomorphism a defined on absolute cycles. Using the
splitting σ , we write a cycle (s, t) ∈ Zk(ϕ ;Z) as (s, t) = (z,0)+σ(p(s, t)) = i(z)+σ(t).
For compatibility with the map i we may simply put (a,b)(i(z)) := (a(z),0). However,
compatibility with the map p involves a sign: Since
(s, t)− ∂ϕ(a,b)ϕ(s, t) = (s− ∂a(s, t)−ϕ∗a(s, t), t + ∂b(s, t))
represents the fundamental class of (ζ ,τ)ϕ (s, t) and t − ∂a(t) represents the fundamen-
tal class of ζ (t) = ζ (p(s, t)) = p((ζ ,τ)(s, t)), we are forced to put b(σ(t)) := −a(t) ∈
Ck(A;Z).
2.7.2. Compatibility of transfer maps. We define the mapping cone transfer map λϕ :
Zk(ϕ ;Z)→ Zk+dimF(Φ;Z) as follows: for any cycle (s, t) in a basis of Zk(ϕ ;Z) choose a
cycle λϕ(s, t) ∈ Zk+dimF(Φ;Z) such that the equivalence classes modulo boundaries of thin
chains satisfy the equation [λϕ(s, t)]∂ΦSk+dimF+1 = [PBE,ϕ∗E(ζ ,τ)ϕ (s, t)]∂ΦSk+dimF+1 . Then
extend λϕ as a homomorphism.
By (3) and (5), the refined fundamental classes and the pull-back operations are com-
patible with the maps i and p that relate absolute and relative cycles. By the choice of
homomorphisms (ζ ,τ)ϕ and (a,b)ϕ above, we may also choose the transfer map λϕ com-
patible with i and p. We thus obtain a commutative diagram of transfer maps:
(14) Zk+dimF(E;Z) i // Zk+dimF(Φ;Z)
p // Zk+dimF−1(ϕ∗E;Z)
Zk(X ;Z) i
//
λ
OO
Zk(ϕ ;Z) p //
λϕ
OO
Zk−1(A;Z) .
λ
OO
Like for absolute cycles, the transfer map is compatible with fiber integration of forms in
the mapping cone de Rham complex of the induced bundle map: Let (ω ,ϑ)∈Ωk+dimF(Φ)
and (s, t) ∈ Zk(ϕ ;Z). Then we have:ˆ
λϕ (s,t)
(ω ,ϑ) =
ˆ
[PBE,ϕ∗E
(
(ζ ,τ)ϕ (s,t)
)
]∂ΦSk+dimF+1
(ω ,ϑ)
(8)
=
ˆ
[(ζ ,τ)ϕ (s,t)]∂ϕ Sk+1
 
F
(ω ,ϑ)
=
ˆ
(s,t)−∂ϕ ((a,b)ϕ(s,t))
 
F
(ω ,ϑ)
=
ˆ
(s,t)
 
F
(ω ,ϑ)−
ˆ
(a,b)ϕ(s,t)
dϕ
 
F
(ω ,ϑ) .(15)
In particular, for a dΦ-closed pair (ω ,ϑ) we have:ˆ
λϕ (s,t)
(ω ,ϑ) =
ˆ
(s,t)
 
F
(ω ,ϑ) .
As in [1, Ch. 4], we extend the transfer map λϕ : Zk(ϕ ;Z)→ Zk+dimF(Φ;Z) to a homo-
morphism λϕ : Ck(ϕ ;Z)→Ck+dimF(Φ;Z) such that
(16) ∂Φ ◦λϕ = λϕ ◦ ∂ϕ .
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This is done by appropriate choices on a basis of Ck(ϕ ;Z). For basis elements in Zk(ϕ ;Z)
we choose λϕ as before. For complementary basis elements (x,y) ∈ Ck(ϕ ;Z) we choose
λϕ(x,y) ∈ Ck+dimF(Φ;Z) such that (16) holds. By changing λϕ on the complementary
basis elements if necessary1, we may as well assume that for any dΦ-closed (ω ,ϑ) ∈
Ωk+dimF(Φ), we have:
(17)
ˆ
λϕ (x,y)
(ω ,ϑ) =
ˆ
(x,y)−(a,b)(∂ϕ (x,y))
 
F
(ω ,ϑ) .
The transfer map λϕ will be used to define fiber integration for relative differential charac-
ters.
2.7.3. Multiplicativity of transfer maps. Let pi : E → X and pi ′ : E ′ → X ′ be fiber bundles
with compact oriented fibers F and F’ and let pi×pi ′ : E×E ′→ X×X ′ be the fiber product.
It carries the orientation of a fiber bundle over X ×X ′ with fiber F ×F ′. This orientation
might differ from the product orientation of the total spaces.
Using multiplicativity of the pull-back operation (11) and a splitting of the Ku¨nneth
sequence as constructed in Section 4.2 below, we may choose the transfer map for the
product bundle in such a way that we obtain the following graded commutative diagram:
(18) Zk+dimF(Φ;Z)⊗Z∗+dimF ′(E ′) × // Zk+k′+dim(F×F ′)(Φ× idE ′ ;Z)
Zk(ϕ ;Z)⊗Zk′(X ′;Z)
× //
λ ′
OO
λϕ
OO
Zk+k′(ϕ× idX ′ ;Z) .
λϕ×idX ′
OO
More precisely, for cycles (s, t) ∈ Zk(ϕ ;Z) and z′ ∈ Zk′(X ′;Z), we have:
(19) λϕ(s, t)×λ ′(z′) = (−1)k′·dimF ·λϕ×idX ′ ((s, t)× z′) .
This relation is used in the proof of the up-down formula in Section 5.3 below.
3. DIFFERENTIAL CHARACTERS
In this chapter we discuss (absolute and relative) differential characters as models for
(absolute and relative) differential cohomology classes. Differential characters had been in-
troduced in [16] as certain homomorphisms h : Zk−1(X ;Z)→U(1) on the group of smooth
singular cycles in a smooth manifold X . The graded abelian group Ĥ∗(X ;Z) of differential
characters was the first model for what is now called differential cohomology.2
The definition from [16] can be easily adapted to homomorphisms on relative cycles.
As explained in the introduction, there are two ways to define relative singular homol-
ogy H∗(X ,A;Z), either as the homology of the mapping cone complex of the inclusion
iA : A → X or as the homology of the quotient complex C∗(X ,A;Z) :=C∗(X ,Z)/im(iA∗).
Hence there arise two notions of relative cycles and thus two ways two adapt the notion of
differential characters. The corresponding groups of differential characters are both refine-
ments of the relative cohomology H∗(X ,A;Z) by differential forms. Both notions appear
rather naturally.
In Section 3.1 we review the notion and elementary properties of relative differential
characters as introduced in [7]. These are characters on the group of cycles Z∗(ϕ ;Z) in the
mapping cone complex of a smooth map ϕ : A → X . The graded abelian group of those
characters is denoted by Ĥ∗(ϕ ;Z). We review the results from [1, Ch. 8], including a long
exact secquence for Ĥ∗(ϕ ;Z) and the groups of absolute differential characters on X and
A.
1This is explained in detail in [1, Ch. 4] for the case of absolute chains.
2It is convenient to shift the degree of the differential characters by +1 as compared to the original definition
from [16]. Thus a degree k differential character has curvature and characteristic class of degree k.
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In Section 3.3 we discuss differential characters on the group Z∗(X ,A;Z) of relative
cycles. Here A ⊂ X is an embedded smooth submanifold. The graded abelian group of
differential characters on Z∗(X ,A;Z) is denoted by Ĥ∗(X ;A;Z). We prove a long exact
sequence that relates the group Ĥ∗(X ;A;Z) to the groups of absolute differential characters
on X and A. Further, we show that Ĥ∗(X ,A;Z) coincides with the subgroup of parallel
characters in Ĥ∗(iA;Z) . In Section 3.4 we clarify the relation o the groups Ĥk(ϕ ;Z) and
Ĥk(X ,A;Z) to another notion of relative differential cohomology that has appeared in the
literature: the relative Hopkins-Singer groups ˇHk(ϕ ;Z) for a smooth map ϕ : A → X and
ˇHk(iA;Z) for the embedding iA : A → X of a smooth manifold. These groups have been
constructed in [7].
3.1. Relative differential characters. Differential characters on a smooth manifold X
were introduced by Cheeger and Simons in [16]. Differential characters relative to a
smooth map ϕ : A→X were introduced in [7]. We briefly review the definition and elemen-
tary properties of relative differential characters, thereby treating the absolute differential
characters of [16] as a special case.
3.1.1. Characters on mapping cone cycles. Let (C∗(X ;Z),∂ ) be the complex of smooth
singular chains in X . The mapping cone complex of a smooth map ϕ : A→X is the complex
Ck(ϕ ;Z) :=Ck(X ;Z)×Ck−1(A;Z) of pairs of smooth singular chains with the differential
∂φ (s, t) := (∂ s+ϕ∗t,−∂ t). The homology Hk(ϕ ;Z) of this complex coincides with the
homology of the mapping cone of ϕ in the topological sense. For the special case of an
embedding iA : A →֒ X it coincides with the relative homology Hk(X ,A;Z).
As above, let Ω∗(ϕ) be the mapping cone de Rham complex with the differential
dϕ(ω ,ϑ) := (dω ,ϕ∗ω−dϑ). The mapping cone de Rham cohomology H∗dR(ϕ) is canon-
ically identified with the real mapping cone cohomology H∗(ϕ ;R).
We denote by Zk(ϕ ;Z) the group of k-cycles of the mapping cone complex and by
Bk(ϕ ;Z) the group of k-boundaries. Let k ≥ 1. The group of degree-k relative differential
characters is defined as follows:
Ĥk(ϕ ;Z) :=
{
h ∈ Hom(Zk−1(ϕ ;Z),U(1))
∣∣h ◦ ∂ϕ ∈Ωk(ϕ)} .
The notation h ◦ ∂ϕ ∈ Ωk(ϕ) means that there exists (ω ,ϑ) ∈ Ωk(ϕ) such that for every
smooth singular chain (a,b) ∈Ck(ϕ ;Z) we have
(20) h(∂ϕ(a,b)) = exp
(
2pi i
ˆ
(a,b)
(ω ,ϑ)
)
.
The form ω =: curv(h)∈Ωk(X) is called the curvature of the relative differential character
h. The form ϑ =: cov(h) ∈ Ωk−1(A) is called its covariant derivative. The curvature
is uniquely determined by the differential character. For k ≥ 2, this is also true for the
covariant derivative. For k = 1, the function ϑ is unique only up to addition of a locally
constant integer valued function, see [1, Ex. 8.3].
We denote by Ωk0(ϕ) the set of all dϕ-closed forms (ω ,ϑ) ∈ Ωk(ϕ) with integral peri-
ods, i.e., such that
´
(s,t)(ω ,ϑ) ∈ Z holds for all (s, t) ∈ Zk(ϕ ;Z). Since h ∈ Ĥk(ϕ ;Z) is a
homomorphism, condition (20) implies thatˆ
(s,t)
(curv,cov)(h) ∈ Z
for any cycle (s, t) ∈ Zk(ϕ ;Z). Moreover, sinceˆ
∂ϕ (a,b)
(curv,cov)(h) =
ˆ
(a,b)
dϕ(curv,cov)(h) ∈ Z
holds for all chains (a,b) ∈ Ck+1(ϕ ;Z), it follows that (curv,cov)(h) is dϕ -closed. Thus
(curv,cov)(h) ∈ Ωk0(ϕ).
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Differential characters h ∈ Ĥk(ϕ ;Z) with curv(h) = 0 are called flat, while characters
with cov(h) = 0 are called parallel. The condition ϕ∗curv(h) = dcov(h) implies that
parallel characters are in particular flat along ϕ .
It is shown in [7, p. 273f.] that relative differential characters h∈ Ĥk(ϕ ;Z) have charac-
teristic classes c(h) in the mapping cone cohomology Hk(ϕ ;Z). The class c(h) is defined
as follows: Let ˜h ∈Ck−1(ϕ ;Z) be a real lift of h. Thus h(s, t) = exp(2pi i · ˜h(s, t)) holds for
all cycles (s, t) ∈ Zk−1(ϕ ;Z). By (20), the cocycle
(21) µ ˜h := (curv,cov)(h)− δϕ ˜h
satisfies exp(2pi iµ ˜h(a,b)) = 1 for all (a,b) ∈Ck(ϕ ;Z). Thus µ ˜h ∈Ck(ϕ ;Z). The charac-
teristic class of h is defined as c(h) := [µ ˜h] ∈ Hk(ϕ ;Z). Characters h ∈ Ĥk(ϕ ;Z) with
c(h) are called topologically trivial.
3.1.2. Exact sequences. By [7, Thm. 2.4], the group Ĥk(ϕ ;Z) fits into the following short
exact sequences:
(22) 0 // Ωk−1(ϕ)
Ωk−10 (ϕ)
ιϕ // Ĥk(ϕ ;Z) c // Hk(ϕ ;Z) //// 0
0 // Hk−1(ϕ ;U(1)) j // Ĥk(ϕ ;Z)
(curv,cov) // Ωk0(ϕ) // 0
The map j : Hk−1(ϕ ;U(1)) → Ĥkϕ(X ,A;Z) is defined by j(u˜)(s, t) := 〈u˜, [s, t]〉. This is
well defined and injective, since Hk−1(ϕ ;U(1)) ∼= Hom(Hk−1(ϕ ;Z),U(1)). The map
ιϕ : Ωk−1(ϕ)→ Ĥk(ϕ ;Z) is defined by ι(ω ,ϑ)(s, t) := exp
(
2pi i
´
(s,t)(ω ,ϑ)
)
. From the
relative Stokes theorem (1) we conclude (curv,cov)◦ ιϕ = dϕ . A form (ω ,ϑ) ∈ Ωk−1(ϕ)
such that ιϕ (ω ,ϑ) = h is called a topological trivialization of h. Thus the map
ιϕ : Ωk−1(ϕ) → Ĥk(ϕ ;Z) provides topological trivializations, and the first sequence in
(22) tells us that a character h ∈ Ĥk(ϕ ;Z) admits topological trivializations if and only if
it is topologically trivial.
We denote by
(23) Rk(ϕ ;Z) := {(ω ,ϑ ,u) ∈ Ωk0(ϕ)×Hk(ϕ ;Z) | [ω ,ϑ ]dR = uR}
the set of pairs of dϕ -closed differential forms with integral periods and integral mapping
cone classes that match in the real mapping cone cohomology Hk(ϕ ;R). By definition
of the characteristic class of a character h ∈ Ĥk(ϕ ;Z) we have ((curv,cov)(h),c(h)) ∈
Rk(ϕ ;Z). Moreover, the exact sequences above may be joined to the exact sequence
(24) 0 // Hk−1(ϕ;R)Hk−1(ϕ;Z)R // Ĥ
k
ϕ(X ,A;Z)
(curv,cov,c) // Rk(ϕ ;Z) // 0 .
Here Hk−1(ϕ ;Z)R denotes the image of Hk−1(ϕ ;Z) in Hk−1(ϕ ;R) under the change of
coefficients homomorphism induced by Z →֒ R.
3.1.3. Naturality, thin invariance, torsion cycles. The following properties are used in
several constructions throughout the paper.
Remark 4 (Pull-back of relative differential characters). Let ψ : B→Y be another smooth
map. A smooth map (Y,B) ( f ,g)−−−→ (X ,A) of pairs is a pair of smooth maps such that ϕ ◦g =
f ◦ψ . Thus we have the commutative diagram:
B
ψ //
g
❄
❄❄
❄❄
❄❄
❄ Y
f
❄
❄
❄
❄
❄
❄
❄
A ϕ // X
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We define the pull-back of relative characters along a smooth map (Y,B) ( f ,g)−−−→ (X ,A) by:
( f ,g)∗ : Ĥk(ϕ ;Z)→ Ĥk(ψ ;Z) , h 7→ h ◦ ( f ,g)∗ .
Here ( f ,g)∗ denotes the induced map on relative cycles: for (s, t) ∈ Zk−1(ψ ;Z), we have
( f ,g)∗(s, t) := ( f∗s,g∗t) and hence
(
( f ,g)∗h)(s, t) = h( f∗s,g∗t).
Remark 5 (Thin invariance). By definition of thin chains, relative differential characters
vanish on boundaries of thin chains of the mapping cone complex. We term this prop-
erty the thin invariance of differential characters. In particular, we have a well-defined
evaluation of characters h ∈ Ĥk(ϕ ;Z) on the refined fundamental class ( f ,g)∗[M,N]∂ϕ Sk ∈
Zk−1(ϕ ;Z)/∂ϕ Sk(ϕ ;Z) of a geometric relative cycle (M,N)
( f ,g)
−−−→ (X ,A).
Remark 6 (Evaluation on torsion cycles). Let z ∈ Zk−1(X ;Z) be a cycle that represents a
torsion class in Hk−1(X ;Z) – a torsion cycle, for short. If z is a boundary then by definition,
the evaluation of a differential character h ∈ Ĥk(X ;Z) on z only depends upon curv(h). In
[1, Ch. 5] we show that the evaluation of h ∈ Ĥk(X ;Z) on a torsion cycle z only depends
upon curv(h) and c(h).
An analogous statement holds for relative characters and mapping cone cycles: Let
h ∈ Ĥk(ϕ ;Z) and let ˜h ∈ Ck−1(ϕ ;R) be a real lift as in the definition of the characteristic
class. Suppose that (s, t) ∈ Zk−1(ϕ ;Z) is a torsion cycle, i.e. it represents a torsion class
in Hk−1(ϕ ;Z). Thus we find an integer N ∈ N and a chain (a,b) ∈ Ck(ϕ ;Z) such that
N · (s, t) = ∂ϕ (a,b). Then we have:
h(s, t) = exp
(
2pi i · ˜h
( 1
N
∂ϕ(a,b)
))
= exp
(2pi i
N
·
(
δϕ ˜h
)
(a,b)
)
= exp
(2pi i
N
·
(
(curv,cov)(h)− µ ˜h
)
(a,b)
)
= exp
(2pi i
N
·
(ˆ
(a,b)
(curv,cov)(h)−〈c(h),(a,b)〉
))
.(25)
Note that the evaluation of the characteristic class c(h) on the chain (a,b) is not well-
defined. But the term in (25) is well-defined: any two cocycles that represent c(h) differ
by an integral coboundary δϕℓ for ℓ ∈Ck−1(ϕ ;Z) and 1N 〈δϕℓ,(a,b)〉= 〈ℓ,(s, t)〉 ∈ Z.
3.1.4. Absolute differential characters. Let x ∈ X be any point. We may consider x as a
smooth map ϕ = x : {∗}→ X , ∗ 7→ x. We have the canonical identification Ck({∗};Z)∼=Z
for k ≥ 0. The boundary map ∂ : Ck({∗};Z)→ Ck−1({∗};Z) is the identity for positive
even k and identically 0 else. For k ≥ 2, we obtain canonical identifications
Zk−1(x;Z)∼= Zk−1(X ;Z)⊕Zk−2({∗};Z)∼=
{
Zk−1(X ;Z) if k even
Zk−1(X ;Z)⊕Z if k odd.
For relative differential forms, we have Ωk0(x) = Ωk0(X)×{0} for any k ≥ 2.
Remark 7 (Absolute differential characters). Let k ≥ 2. Let h : Zk−1(x;Z) → U(1)
be a relative differential character. Then we have cov(h) = 0 for dimensional reasons.
In particular, curv(h) ∈ Ωk0(X). For even k, the relative character h is a homomor-
phism h : Zk−1(X ;Z)→ U(1). For odd k, condition (20) implies that the homomorphism
h : Zk−1(X ;Z)⊕Z→ U(1) vanishes on the second factor, since any (0, t) ∈ Zk−1(x;Z)
is a boundary. Thus h induces a homomorphism h : Zk−1(X ;Z) → U(1) that satisfies
h(∂a) = exp(2pi i
´
a
curv(h)).
We thus obtain a canonical identification of Ĥk(x;Z) with the group
(26) Ĥk(X ;Z) := {h ∈Hom(Zk−1(X ;Z),U(1)) ∣∣h ◦ ∂ ∈ Ωk(X)}
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of dabsolute differential characters on X , as defined in [16]. The group Ĥk(X ;Z) fits into
short exact sequences analogous to the sequences in (22) with mapping cone cohomology
groups replaced by the corresponding absolute cohomology groups, and similarly for the
spaces of differential forms.
3.1.5. Long exact sequence. Pre-composition with the maps i and p in the exact sequence
(12) induces homomorphisms p˘ϕ and ı˘ϕ on differential characters groups
(27) Ĥk−1(A;Z) ı˘ϕ // Ĥkϕ(X ,A;Z)
p˘ϕ // Ĥk(X ;Z) .
Thus for a character h ∈ Ĥk−1(A;Z) and a relative cycle (s, t) ∈ Zk−1(ϕ ;Z), we have
ı˘ϕ(h)(s, t) := h(t). Likewise for a relative character h ∈ Ĥk(ϕ ;Z) and a cycle z ∈
Zk−1(X ;Z), we have p˘ϕ(h)(z) := h(z,0). One easily checks that curv ◦ ı˘ϕ ≡ 0 whereas
cov◦ ı˘ϕ ≡−curv and curv◦ p˘ϕ ≡ curv.
Let ψ : B → Y be another smooth map. The homomorphisms ı˘ and p˘ are natural with
respect pull-back along smooth maps (Y,B) ( f ,g)−−−→ (X ,A): For a character h ∈ Ĥk−1(A;Z)
and a relative cycle (s, t)∈ Zk−1(ψ ;Z) we have
(
( f ,g)∗ ı˘ϕ(h)
)
(s, t) = ı˘ϕ(h)(( f ,g)∗(s, t)) =
h(g∗t) = g∗h(t) and hence
(28) ( f ,g)∗ ı˘ϕ (h) = ı˘ψ (g∗h) .
Similarly, for a relative character h ∈ Ĥk(ϕ ;Z) and a cycle z ∈ Zk−1(Y ;Z) we have
p˘ψ(( f ,g)∗h)(z) = ( f ,g)∗h(z,0) = h( f∗z,0) = p˘ϕ(h)( f∗z) = f ∗(p˘ϕ(h))(z) and hence
(29) p˘ψ(( f ,g)∗h) = f ∗ p˘ϕ(h) .
In [1, Ch. 8] we show that for k ≥ 2 the absolute and relative differential characters
groups fit into the following long exact sequence:
(30) . . . // Hk−3(A;U(1)) // Hk−2(ϕ ;U(1)) // Hk−2(X ;U(1)) EDBC
GF@A j◦ϕ∗ // Ĥk−1(A;Z) ı˘ // Ĥkϕ(X ,A;Z) p˘ // Ĥk(X ;Z) EDBC
GF@A ϕ∗◦c // Hk(A;Z) // Hk+1(ϕ ;Z) // Hk+1(X ;Z) // . . .
The sequence proceeds as the long exact sequence for singular cohomology with U(1)-
coefficients on the left and with integer coefficients on the right.
3.2. Sections and topological trivializations. Let h∈ Ĥk(X ;Z) be a differential character
and ϕ : A → X a smooth map. As in [1, Ch. 8] we say that h admits sections along ϕ if h
lies in the image of the map p˘ : Hk(ϕ ;Z)→Hk(X ;Z). Any preimage p˘−1(h) of h is called
a section of h along ϕ . From the exact sequence (30) we conclude that h admits setions
along ϕ if and only if ϕ∗c(h) = 0, i.e. if and only if h is topologically trivial along ϕ .
3.2.1. Sections and covariant derivative. We discuss the role that sections and their co-
variant derivatives play for topological trivializations. We briefly recall the following basic
example from [1].
Example 8. It is well-known that the group Ĥ2(X ;Z) is canonically isomorphic to the
group of isomorphism classes of hermitean line bundles with connection (under connec-
tion preserving isomorphisms). A differential character h ∈ Ĥk(X ;Z) corresponds to the
holonomy map of a bundle (L,∇) under this isomorphism. Holonomy is invariant under
connection preserving isomorphisms. Moreover, the characteristic class c(h) ∈ Ĥ2(X ;Z)
coincides with the first Chern class of the bundle. For the curvature form we have
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curv(h) = i2pi ·R
∇
, where R∇ ∈ Ω2(X ; iR) is the curvature 2-form of the connection ∇.
The image of a differential form ω ∈ Ω1(X) under the map ι : Ω1(X)→ Ĥ2(X ;Z) corre-
sponds to a topologically trivial line bundle with connection 1-form ω . Hence the name
topological trivialization for the map ι .
In [1, Ch. 8] we have shown that the group Ĥ2(ϕ ;Z) is isomorphic to the group of
isomorphism classes of hermitean line bundles with connection (L,∇) and section σ : A→
ϕ∗L along ϕ . The isomorphisms are bundle isomorphisms of L that preserve both the
connection and the section. The map p˘ corresponds to the forgetful map that ignores the
section. The covariant derivative of the character is related to the covariant derivative of
the section by ∇σ = cov(h) ·σ ∈ Γ(T ∗A⊗ϕ∗L).
Thus for a differential character h ∈ Ĥ2(X ;Z), any preimage p˘−1(h) ∈ Ĥ2(ϕ ;Z) corre-
sponds to an isomorphism class of sections along the map ϕ . Hence the name.
By the exact sequence (30), a differential character admits sections along a smooth
map if and only if it is topologically trivial along ϕ . Consequently, the character ϕ∗h is
topologically trivial. We show that it is trivialized by the covariant derivative of any section
of h. The special case ϕ = idX was discussed in [1, Ch. 8].
Proposition 9 (Topological trivialization and covariant derivative). Let ϕ : A → X be a
smooth map. Then we have the following commutative diagram:
(31) Ĥk(ϕ ;Z)
cov

p˘ϕ // Ĥk(X ;Z)
ϕ∗

Ωk−1(A)
ι
// Ĥk(A;Z) .
Thus covariant derivatives of sections along a smooth map yield topological trivializations
of the pulled back characters.
Proof. Let h ∈ Ĥk(ϕ ;Z) be a relative character and z ∈ Zk−1(A;Z) a cycle. Then we have:
(ϕ∗ p˘(h))(z) = (p˘(h))(ϕ∗z)
= h(ϕ∗z,0)
= h(∂ϕ(0,z))
= exp
(
2pi i
ˆ
(0,z)
(curv,cov)(h)
)
= exp
(
2pi i
ˆ
z
cov(h)
)
= ι(cov(h))(z) . 
3.2.2. The Cheeger-Chern-Simons construction. A particular example of relative differ-
ential characters as sections of absolute characters along a smooth map arises by the dif-
ferential character valued refinement of the Chern-Weil construction, due to Cheeger and
Simons:
Example 10. Let G be a compact Lie group with Lie algebra g. An invariant polynomial,
homogeneous of degree k, is a symmetric AdG-invariant multilinear map q : g⊗k →R. The
Chern-Weil construction associates to any principal G-bundle with connection (P,∇)→ X
a closed differential form CW (q) = q(R∇) ∈ Ω2k(X) by applying the polynomial q to the
curvature 2-form R∇ of the connection ∇. Consider those polynomials q for which the
Chern-Weil form CW (q) has integral periods. Let u ∈ H2k(X ;Z) be a universal charac-
teristic class for principal G-bundles that coincides in H2k(X ;R) with the de Rham class
of CW (q). The Cheeger-Simons construction [16, Thm 2.2] associates to this setting a
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differential character ĈW (q,u) ∈ Ĥ2k(X ;Z) with curvature curv(ĈW (q,u)) =CW (q), the
Chern-Weil form, and characteristic class c(ĈW (q,u)) = u, the fixed universal characteris-
tic class. The construction is natural with respect to bundle maps.
Since the total space EG of the universal principal G-bundle is contractible, univer-
sal characteristic classes vanish upon pull-back to the total space. By the long exact se-
quence (30) the Cheeger-Simons character ĈW (q,u) thus admits sections along the bundle
projection pi : P → X . The so-called Cheeger-Chern-Simons construction of [2] yields
a canonical section ĈCS(q,u) ∈ Ĥ2k(pi ;Z) with covariant derivative cov(ĈCS(q,u)) =
CS(q) ∈ Ω2k−1(P), the Chern-Simons form. The construction is natural with respect to
bundle maps.
Thus the Cheeger-Chern-Simons construction is a relative differential character valued
refinement of the Chern-Weil and Chern-Simons constructions in the same way as the
Cheeger-Simons construction is a differential character valued refinement of the Chern-
Weil construction alone.
3.2.3. Parallel sections. In general, the property for a given character to admit sections
with prescribed covariant derivatives depends on the character. For example, a hermitean
line bundle with connection (L,∇) and with sections along a smooth map ϕ : A→X admits
parallel sections if and only if the pull-back ϕ∗(L,∇) is isomorphic to the trivial bundle
with trivial connection.
The analogous statement holds for any differential characters, as we shall prove next:
Theorem 11 (Parallel sections). A differential character h ∈ Ĥk(X ;Z) admits parallel
sections along a smooth map ϕ : A → X if and only if ϕ∗h = 0.
Proof. Let h ∈ Ĥk(X ;Z) with ϕ∗h = 0. Then in particular h is topologically trivial along
ϕ and hence admits sections along ϕ . By the commutative diagram (31) and the exact
sequence (22), the covariant derivative of any such section h′ ∈ Ĥk(ϕ ;Z) satisfies cov(h′)∈
Ωk−10 (A), i.e. it is closed with integral periods. Choose a character h′′ ∈ Ĥk−1(A;Z) with
curv(h′′) = cov(h′). Now put h′′′ := h′+ ı˘(h′′). Then we have p˘(h′′′) = p˘(h′) = h and
cov(h′′′) = cov(h′)− curv(h′′) = 0. Thus h′′′ is a parallel section of h.
Conversely let h′ ∈ Ĥk(ϕ ;Z) be a parallel section of h∈ Ĥk(X ;Z). By the commutative
diagram (31) we find ϕ∗h = ι(cov(h′)) = 0. 
3.3. Parallel characters. Throughout this section let iA : A → X be the embedding of
a smooth submanifold. As explained in the introduction, there is another notion of rel-
ative differential cohomology, based on homomorphisms on the group of relative cycles
Z∗−1(X ,A;Z). This notion has appeared in [20] for the special case where A = ∂X is the
boundary of X .
In this section, we introduce differential characters on the group Z∗−1(X ,A;Z) of rela-
tive cycles, where A ⊂ X is an arbitrary submanifold. We denote the corresponding group
of differential characters by Ĥ∗(X ,A;Z). We prove a long exact sequence that relates this
group to differential characters groups on X and A. An analogous sequence has appeared
in [41] for generalized differential cohomology. Further we show that Ĥk(X ,A;Z) is in 1-1
correspondence with the subgroup of parallel characters in Ĥ∗(iA;Z).
3.3.1. Characters on relative cycles. Let X be a smooth manifold and A⊂ X an embedded
smooth submanifold. Denote the embedding by iA : A → X . Let Z∗(X ,A;Z) be the group
of relative cycles, i.e. cycles in the quotient complex C∗(X ,A;Z) :=C∗(X ;Z)/C∗(A;Z).
We put
Ĥk(X ,A;Z) :=
{
h ∈ Hom(Zk−1(X ,A;Z),U(1))
∣∣ f ◦ ∂ ∈ Ωk(X)} .
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The notation f ◦ ∂φ ∈ Ωk(X) means that there exists a differential form ω ∈ Ωk(X) such
that for every relative chain x ∈Ck(X ,A;Z) we have
(32) f (∂c) = exp
(
2pi i
ˆ
c
ω
)
.
The condition in particular implies that the integral of ω over chains c ∈ Ck(X ,A;Z) is
well-defined. Hence i∗Aω ≡ 0.
Since condition (32) holds for all chains c ∈ Ck(X ,A;Z), the differential form ω is
uniquely determined. We call it the curvature of h and denote it by curv(h). A character
h ∈ Ĥk(X ,A;Z) with curv(h) = 0 is called flat.
Let Ωk(X ,A) := {ω ∈Ωk(X) | i∗Aω ≡ 0} be the space of k-forms on X relative A. As we
have seen, a character h ∈ Ĥk(X ,A;Z) has curvature curv(h) ∈ Ωk(X ,A). We define the
relative de Rham cohomology H∗dR(X ,A) as the cohomology of the de Rham subcomplex
(Ω∗(X ,A),d)⊂ (Ω∗(X),d). The short exact sequence
0 // Ωk(X ,A) // Ωk(X)
i∗A // Ωk(A) // 0
gives rise to a long exact sequence relating absolute and relative de Rham cohomology
groups.
Integration of differential forms over smooth singular chains in X yields a well-defined
homomorphism Ωk(X ,A)→ Ck(X ,A;R). By the de Rham theorem and the five lemma,
applied to the long exact sequences, this induces a canonical isomorphism H∗dR(X ,A)
∼=
−→
H∗(X ,A;R). Denote by Ωk0(X ,A) the subgroup of differential forms ω ∈ Ωk(X ,A) with
integral periods, i.e. such that
´
y ω ∈ Z holds for any y ∈ Zk(X ,A;Z). Then we have
Ωk0(X ,A) = {ω ∈Ωk0(X) | i∗Aω ≡ 0}.
Since h is a homomorphism, condition (32) implies that ´z curv(h) ∈ Z holds for any
cycle z ∈ Zk(X ;Z). Stokes theorem implies that
´
c
dcurv(h) =
´
∂c curv(h) ∈ Z holds for
any chain c ∈Ck+1(X ;Z), hence curv(h) is closed. Thus curv(h) ∈ Ωk0(X ,A).
The characteristic class c(h) ∈Hk(X ,A;Z) of a character h ∈ Ĥk(X ,A;Z) is defined as
follows: The curvature defines a real cocycle curv(h) : Ck(X ,A;R)→ R, c 7→
´
c
curv(h).
Choose a real lift ˜h ∈Ck−1(X ,A;R) of h, i.e. h(z) = exp
(
2pi i˜h(z)
)
. Put µ ˜h := curv(h)−
δ ˜h ∈Ck(X ,A;Z). In fact, µ ˜h is an integral cochain because of (32). Since the curvature is
a closed form, µ ˜h is a cocycle. Now define c(h) := [µ ˜h]∈Hk(X ,A;Z). It is easy to see that
c(h) does not depend upon the choice of real lift ˜h: The difference between two choices
of real lifts is an integral cochain. Thus the cocycles for two choices of real lifts differ by
an integral coboundary. A character h ∈ Ĥk(X ,A;Z) with c(h) = 0 is called topologically
trivial.
3.3.2. Exact sequences. We have a natural map ι : Ωk−1(X ,A)→ Ĥk(X ,A;Z), defined by
ι(ϑ)(z) := exp
(
2pi i
´
z ϑ
)
. By the Stokes theorem, the induced character ι(ϑ) satisfies
curv(ι(ϑ)) = dϑ . The map ι descends to an injective map ι : Ωk−1(X ,A)
Ωk−10 (X ,A)
→ Ĥk(X ,A;Z). A
form ω ∈ Ωk−1(X ,A) such that ι(ω) = h is called a topological trivialization of h.
Finally, we have an obvious injection j : Hk−1(X ,A;U(1))→ Ĥk(X ,A;Z), defined by
j(u)(z) := 〈u, [z]〉.
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The above maps fit into the following exact sequences:
(33) 0 // Hk−1(X ,A;U(1)) j // Ĥk(X ,A;Z) curv // Ωk0(X ,A) // 0
0 // Ω
k−1(X ,A)
Ωk−10 (X ,A)
ι // Ĥk(X ,A;Z) c // Hk(X ,A;Z) // 0 .
Exactness of the curvature sequence at Ĥk(X ,A;Z) is clear, since by (32) flat characters
are precisely those that vanish on boundaries and hence descend to homomorphisms on
Hk−1(X ;Z). Surjectivity of the curvature follows e.g. from surjectivity of the curvature
map curv : Ĥk(X ;Z)→ Ωk0(X) and the exact sequence (35) below.
Exactness of the characteristic class sequence at Ĥk(X ,A;Z) follows from (32) and
the definition of the characteristic class. Surjectivity of the curvature follows e.g. from
surjectivity of the characteristic class map c : Ĥk(X ;Z)→Hk(X ;Z) and the exact sequence
(35) below.
The second sequence in (33) tells us that a character h ∈ Ĥk(X ,A;Z) admits a topolog-
ical trivilization if and only if it is topologically trivial.
Put Rk(X ,A;Z) := {(ω ,u)∈Ωk0(X ,A)×Hk(X ,A;Z) |uR = [ω ]dR ∈Hk(X ,A;R)}. Then
the two sequences above may be joined to give the following exact sequence:
(34) 0 // Hk−1(X ,A;R)Hk−1(X ,A;R)Z
j // Ĥk(X ,A;Z)
(curv,c) // Rk(X ,A;Z) // 0 .
3.3.3. Absolute differential characters. Let x ∈ X an arbitrary point. We write x instead of
{x} ⊂ X . For positive even k, we have Zk−1(x;Z) = Z = Bk−1(x;Z), while for odd k, we
have Zk−1(x;Z) = {0}. Since differential forms of degree k ≥ 1 vanish upon pull-back to
x, we obtain a canonical identification
Ĥk(X ,x;Z)
∼=
−→ Ĥk(X ,Z) .
3.3.4. Long exact sequence. Pre-composition of a differential character on relative
cycles h : Zk−1(X ,A;Z)→ U(1) with the quotient map Zk−1(X ;Z) → Zk−1(X ,A;Z),
z 7→ z+ im(iA∗), yields a homomorphism h′ : Zk−1(X ;Z)→ U(1). This homomorphism
is in fact a differential character in Ĥk(X ;Z), since for any chain c ∈Ck(X ;Z), we have
h′(∂c) := h(∂c+ im(iA∗))
(32)
= exp
(
2pi i
ˆ
c
curv(h)
)
.
Hence curv(h′) = curv(h) ∈ Ωk0(X ,A) ⊂ Ωk0(X). We thus obtain a homomorphism
Ĥk(X ,A;Z) → Ĥk(X ;Z) that preserves the curvature. Moreover, a real lift for h ∈
Ĥk(X ,A;Z) also defines a real lift of its image in Ĥk(X ;Z). Thus the homomorphism
is also compatible with the characteristic class and we obtain the following commutative
diagram:
Ĥk(X ,A;Z)
c

// Ĥk(X ;Z)
c

Hk(X ,A;Z) // Hk(X ;Z) ,
Here the lower horizontal map is the usual map in the long exact sequence for absolute and
relative cohomology.
We denote the connecting homomorphism in the long exact sequence for relative and ab-
solute cohomology by β : H∗(A;Z)→ H∗+1(X ,A;Z) (and likewise for U(1) coefficients).
Concatenation with j yields a map : Hk−2(A;U(1)) β−→ Hk−1(X ,A;U(1)) j−→ Ĥk(X ,A;Z).
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Likewise, we obtain a map Ĥk(A;Z) c−→ Hk(A;Z) β−→ Hk+1(A;Z). These maps fit into the
following long exact sequence:
Theorem 12 (Long exact sequence). Let iA : A →֒ X be the embedding of a smooth sub-
manifold. Let k ≥ 1. Then we have the following long exact sequence for the groups of
differential characters:
(35)
. . . // Hk−2(X ,A;U(1)) // Hk−2(X ;U(1)) // Hk−2(A;U(1)) EDBC
GF@A j◦β // Ĥk(X ,A;Z) // Ĥk(X ;Z) i
∗
A // Ĥk(A;Z) EDBC
GF@A β◦c // Hk+1(X ,A;Z) // Hk+1(X ;Z) // Hk+1(A;Z) // . . .
The sequence proceeds as the long exact sequence for singular cohomology with U(1)-
coefficients on the left and with integer coefficients on the right.
Remark 13. Exactness at Ĥk(X ;Z) also follows from Theorem 11 above and Theorem 14
below.
Proof. Exactness at the first two and the last two groups is of course well-known. We give
a direct proof of the exactness at the remaining groups:
a) Exactness of the sequence (35) at Hk−2(A;U(1)) follows from exactness of the se-
quence Hk−2(X ;U(1))
i∗A−→ Hk−2(A,U(1)) β−→ Hk−1(X ,A;U(1)) and injectivity of the map
Hk−1(X ,A;U(1)) j−→ Ĥk(X ,A;Z).
b) We prove exactness at Ĥk(X ,A;Z): Let u∈Hk−2(A;U(1)) and z∈ Zk−1(X ;Z). Since
U(1) is divisible, we have Hk−2(A;U(1)) = Hom(Hk−2(A;Z),U(1)). The connecting ho-
momorphism β : Hk−2(A;U(1))→ Hk−1(X ,A;U(1)) is dual to the connecting homomor-
phism β : Hk−1(X ,A;Z)→ Hk−2(A;Z). This yields:
( j◦β (u))(z) = ( j◦β (u))(z+ im(iA∗)) = 〈β (u), [z+ im(iA∗)]〉= 〈u,β ([z+ im(iA∗)])︸ ︷︷ ︸
=0
〉= 1 .
Here we use that Hk−1(X ,Z)→ Hk−1(X ,A;Z)
β
−→ Hk−2(A;Z), [z] 7→ β ([z+ im(iA∗)]), is
the trivial map.
Conversely, let h∈ Ĥk(X ,A;Z) such that the induced character in Ĥk(X ;Z) vanishes. In
particular, we have curv(h) = 0. By the exact sequence (33) we find u˜ ∈ Hk−1(X ,A;U(1))
such that h = j(u˜). By assumption, h vanishes on cycles in X , hence u˜ lies in the kernel
of the map Hk−1(X ,A;U(1))→ Hk(X ;U(1)). Thus we find u ∈ Hk−2(A;U(1)) such that
u˜ = β (u) and hence h = j ◦β (u).
c) We show exactness at Ĥk(X ;Z): The map Ĥk(X ,A;Z)→ Ĥk(X ;Z) i
∗
A−→ Ĥk(A;Z) is
trivial, since cycles in Zk−1(A;Z) represent 0 in Zk−1(X ,A;Z).
Conversely, let h ∈ Ĥk(X ;Z) with i∗Ah = 0. Let σ : Bk−2(X ;Z) → Ck−1(X ;Z) be a
splitting of the exact sequence
0 → Zk−1(X ;Z)→Ck−1(X ;Z)→ Bk−2(X ;Z)→ 0 .
Let V := σ(Bk−2(X ;Z)) ∩ {c ∈ Ck−1(X ;Z) |∂c ∈ im(iA∗)} ⊂ Ck−1(X ;Z). Since V is a
submodule of Ck−1(X ;Z), it is a free Z-module, and we have the splittings
{c ∈Ck−1(X ;Z) |∂c ∈ im(iA∗)}= Zk−1(X ;Z)⊕V
and
Zk−1(X ,A;Z) =
Zk−1(X ;Z)
im(iA∗)
⊕
V
im(iA∗)
.
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By assumption the character h : Zk−1(X ;Z)→U(1) vanishes upon pull-back to A. Hence it
descends to a homomorphism h on the first factor. The above splitting allows us to extend
h to a homomorphism h : Zk−1(X ,A;Z)→ U(1). By construction, any such extension h
is a differential character in Ĥk(X ,A;Z) which maps to h under the map Ĥk(X ,A;Z)→
Ĥk(X ;Z).
d) We show exactness at Ĥk(A;Z): Since the characteristic class is natural with respect
to pull-back, we have β ◦ c◦ i∗A = (β ◦ i∗A)◦ c = 0.
Conversely, let h ∈ Ĥk(A;Z) such that β ◦ c(h) = 0. By exactness of the sequence
Hk(X ;Z)
i∗A−→Hk(A;Z) β−→Hk+1(X ,A;Z) and surjectivity of the characteristic class we find
a character h′ ∈ Ĥk(X ;Z) such that i∗Ah′−h= ι(ϑ) for some differential form ϑ ∈Ωk−1(A).
Choose a differential form ϑ ′ ∈ Ωk−1(X) such that ϑ = i∗Aϑ ′. Now put h′′ := h′+ ι(ρ ′) ∈
Ĥk(X ;Z). Then we have i∗Ah′′ = i∗Ah′+ ι(ρ) = h.
e) Finally, exactness at Hk+1(X ,A;Z) follows from exactness of the sequence
Hk(X ;Z)
i∗A−→Hk(A;Z) β−→Hk+1(X ,A;Z) and surjectivity of the characteristic class. 
3.3.5. Comparison of two notions of relative differential cohomology. Now we compare
the two notions of relative differential cohomology, based on differential characters on
Zk−1(iA;Z) and Zk−1(X ,A;Z), respectively. Pre-composition of relative differential char-
acters h : Zk−1(iA;Z) → U(1) with the projection map q : Zk−1(iA;Z) ։ Zk−1(X ,A;Z),
(s, t) 7→ s+ im(iA∗), yields a homomorphism
Ĥk(X ,A;Z)→ Ĥk(iA;Z) , h 7→ h ◦ q .
Theorem 14 (Comparison of relative differential cohomology groups). Let iA : A → X be
the embedding of a smooth submanifold. Let k ≥ 2. Then the homomorphism
Ĥk(X ,A;Z)→ Ĥk(iA;Z) , h 7→ h ◦ q ,
commutes with curvature, characteristic class and the inclusion of cohomology classes in
Hk−1(X ,A;U(1)). It provides a 1-1 correspondence of Ĥk(X ,A;Z) with the subgroup of
parallel characters in Ĥk(iA;Z).
Proof. Let h ∈ Ĥk(X ,A;Z) and (a,b) ∈Ck(iA;Z). Then we have(
h ◦ q
)
(∂iA(a,b)) = h(∂a+ im(iA∗))
(32)
= exp
(
2pi i
ˆ
a
curv(h)
)
.
Thus the composition h ◦ q is indeed a relative differential character in Ĥk(iA;Z) and we
have (curv,cov)(h ◦ q) = (curv(h),0).
The projection q : Zk−1(iA;Z) → Zk−1(X ,A;Z) induces isomorphisms on homology
and cohomology. Moreover, since U(1) is divisible, we have Hk−1(X ,A;U(1)) ∼=
Hom(Hk−1(X ,A;Z),U(1)). Hence the above homomorphism commutes with the inclu-
sion of cohomology classes u ∈ Ĥk−1(X ,A;U(1)).
Now let ˜h∈Ck(X ,A;Z) be a real lift for h∈ Ĥk(X ,A;Z). Then ˜h◦q∈Ck(iA;Z) is a real
lift for h ◦ q. Since curv(h ◦ q) = curv(h) ∈ Ωk0(X ,A), we conclude that µ
˜h ◦ q represents
the characteristic class of h ◦ q. Hence c(h ◦ q) = c(h).
Since the projection q : Zk−1(iA;Z)→ Zk−1(X ,A;Z), (s, t) 7→ s+ im(iA∗), is surjective,
the homomorphism Ĥk(X ,A;Z)→ Ĥk(iA;Z) is injective. As we have seen, its image is
contained in the subgroup of parallel characters in Ĥk(iA;Z).
It remains to show that any parallel character in Ĥk(iA;Z) lies in the image. Thus let
h′ ∈ Ĥk(iA;Z) with cov(h′) = 0. In particular, i∗Acurv(h′) = 0, thus curv(h′) ∈ Ωk0(X ,A).
We construct a character h ∈ Ĥk(X ,A;Z) such that h′ = h ◦ q. From the exact sequences
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(24) and (34) we obtain the following commutative diagram with exact rows and injective
vertical maps:
0 // H
k−1(X ,A;R)
Hk−1(X ,A;R)Z
j //

Ĥk(X ,A;Z)
(curv,c) //

Rk(X ,A;Z) //

0
0 // H
k−1(X ,A;R)
Hk−1(X ,A;R)Z
j // Ĥk(iA;Z)
((curv,cov),c) // Rk(iA;Z) // 0
Since curv(h′)∈Ωk0(X ,A), we have (curv(h′),c(h′))∈Rk(X ,A;Z). By exactness of the up-
per row we may choose a character h′′ ∈ Ĥk(X ,A;Z) with curv(h′′) = curv(h′) ∈Ωk0(X ,A)
and c(h′′)= curv(h′)∈Hk(X ,A;Z). By exactness of the lower row we find u∈ H
k−1(X ,A;R)
Hk−1(X ,A;R)Z
such that h′− h′′ ◦ q = j(u). Now put h := h′′+ j(u) ∈ Ĥk(X ,A;Z). This yields h ◦ q =
h′′ ◦ q+ j(u) = h′. 
Example 15. Let ϕ : A→ X be a smooth map. As in Example 8 we have the identification
of the group Ĥ2(ϕ ;Z) with the group of isomorphism classes of hermitean line bundles
with connection (L,∇)→ X and a section σ : A → ϕ∗L along the smooth map ϕ : A → X .
Now let iA : A → X be the inclusion of a smooth submanifold. Theorem 14 yields an
identification of the group Ĥ2(X ,A;Z) with the group of isomorphism classes of hermitean
line bundles with connection (L,∇)→ X and parallel sections σ : A → L|A. In both cases,
the isomorphisms are bundle isomorphisms of L that preserve both the connection ∇ and
the section σ . In particular, they preserve the property of the section σ to be parallel with
respect to the connection ∇.
3.4. Relative differential cocycles. In this section, we discuss the relation of the group
Ĥk(X ,A;Z) to another notion of relative differential cohomology that has appeared in the
literature. As above let ϕ : A → X be a smooth map. The Hopkins-Singer complex of dif-
ferential cocycles is a cochain complex, the k-th homology of which is isomorphic to the
differential cohomology group Ĥk(X ;Z). In the original definition of differential cocy-
cles in [25], the complex that computes the k-th differential cohomology group Ĥk(X ;Z)
depends on the degree k: for each degree of differential cohomology, one has to consider a
different complex.3 However, the Hopkins-Singer complex can be modified such that dif-
ferential cohomology groups of all degrees arise as homology groups of a single complex,
see [7].
The relative Hopkins-Singer differential cohomology group ˇHk(ϕ ;Z) is defined in [7]
as the k-th homology group of the mapping cone complex of the modified Hopkins-Singer
complex. The cocycles of this mapping cone complex are referred to as relative differen-
tial cocycles.
The main feature of the relative Hopkins-Singer groups ˇH∗(ϕ ;Z) is the long exact se-
quence they fit into: The complex of relative differential cochains sits in the usual short ex-
act sequence of cochain complexes which relates the modified Hopkins-Singer complexes
on X and A to the corresponding mapping cone complex. Thus the relative Hopkins-Singer
groups fit into the following long exact sequence [7]:
(36) . . . // Ĥk−1(A;Z) // ˇHk(ϕ ;Z) // Ĥk(X ;Z) ϕ
∗
// Ĥk(A;Z) // . . .
Comparison of (36) with the long exact sequences (30) and (35) for the relative groups
Ĥk(ϕ ;Z) and Ĥk(X ,A;Z) (for ϕ = iA) shows that the relative Hopkins-Singer group
ˇHk(iA;Z) differs from both.
3The same holds for smooth Deligne cohomology: the smooth Deligne complex, the k-th homology of which
is isomorphic to Ĥk(X ;Z), is the total complex of a ˇCech-de Rham double complex, truncated at the de Rham
order (k−1).
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In [7] it is shown that the relative Hopkins-Singer group ˇHk(ϕ ;Z) is a subquotient of
the group of relative differential characters Ĥk(ϕ ;Z). More precisely, it is a quotient of the
subgroup Ĥk0(ϕ ;Z) := {h ∈ Ĥk(ϕ ;Z) |ϕ∗ p˘ϕ(h) = 0}. From the results of Section 3.3, we
easily obtain the following identification:
Proposition 16. Let ϕ : A→X be a smooth map. Then the subgroup Ĥk0(ϕ ;Z)⊂ Ĥk(ϕ ;Z)
coincides with the subgroup of characters with covariant derivative in Ωk−10 (A), i.e. a
closed form with integral periods. In particular, we have the exact sequence:
(37) 0 // Ĥk0(ϕ ;Z) // Ĥk(ϕ ;Z)
cov // pr2(Ω
k−1
0 (ϕ))
Ωk−10 (A)
// 0
Here pr2(Ωk−10 (ϕ)) ⊂ Ωk−1(A) denotes the image of the projection pr2 : Ωk−10 (ϕ) →
Ωk−1(A), (ω ,ϑ) 7→ ϑ .
Proof. The identification of Ĥk0(ϕ ;Z) = ker(ϕ∗ ◦ p˘ϕ) follows from the commutative dia-
gram (31) and the exact sequence (22) for topological trivializations. The exact sequence
follows from this identification. 
The sequence (37) appeared in [7, Prop. 4.1]. As mentioned above, it is shown in [7]
that the relative Hopkins-Singer group ˇHk(ϕ ;Z) is a quotient of Ĥk0(ϕ ;Z). More precisely,
we have the exact sequence [7, Thm. 4.2]:
(38) 0 // Ω
k−1
0 (X)
Ω˜k−1(X)
// Ĥk0 (ϕ ;Z) // ˇHk(ϕ ;Z) // 0 .
Here we have Ω˜k−1(X) := {ω ∈ Ωk−10 (X) |(ω ,0) ∈ Ω
k−1
0 (ϕ)} with the homomorphism
Ωk−10 (X)
Ω˜k−1(X)
→ Ĥk0(ϕ ;Z), ω 7→ ιϕ (ω ,0).
It remains to determine the relation between the relative Hopkins-Singer group
ˇHk(iA;Z) and the group Ĥk(X ,A;Z). It turns out that the latter is a subgroup of the former:
Proposition 17. Let iA : A → X be the embedding of a smooth submanifold. Then the
following sequences are exact:
0 // Ĥk(X ,A;Z) // Ĥk0 (iA;Z)
cov // Ωk−10 (A) // 0
0 // Ĥk(X ,A;Z) // ˇHk(iA;Z)
cov // Ω
k−1
0 (A)
i∗AΩ
k−1
0 (X)
// 0 .
Proof. Exactness of the first sequence follows from the results of Section 3.3: Clearly,
Ĥk(X ,A;Z) the kernel of cov : Ĥk0(iA;Z)→ Ω
k−1
0 (A) by Theorem 14 and Proposition 16.
The latter is surjective since for any ϑ ∈ Ωk−10 (A), we may choose a differential character
h ∈ Ĥk−1(A;Z) with curv(h) = ϑ . Then ı˘iA(−h) ∈ Ĥk0 (iA;Z) and cov(ı˘iA(−h)) = ϑ .
The second sequence is obtained from the first by dividing out the action of Ωk−10 (X)
on Ĥk0(iA;Z). Vanishing of the composition Ĥk(X ,A;Z)→ ˇHk(iA;Z)→
Ωk−10 (A)
i∗AΩ
k−1
0 (X)
follows
from the first sequence.
We show exactness at Ĥk(X ,A;Z): For ϕ = iA, we have Ω˜k−1(X) = Ωk−10 (X ,A). Let
h ∈ Ĥk(X ,A;Z) which maps to 0 in ˇHk(iA;Z). By Theorem 14 we may consider h as a
parallel character in Ĥk0(iA;Z). From the exact sequence (38) we conclude h = ιiA(ω ,0)
for some ω ∈Ωk−10 (X). Now we have 0 = cov(h) = cov(ιiA(ω ,0)) = ϕ∗ω . Thus (ω ,0) ∈
Ωk−10 (X ,A), hence h = ιiA(ω ,0) = 0 ∈ Ĥk0(iA;Z). From the first sequence we conclude
h = 0.
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Next we show exactness at ˇHk(iA;Z): Let [h] ∈ ker
(
ˇHk(iA;Z)→
Ωk−10 (A)
i∗AΩ
k−1
0 (X)
)
. Choose
a representant h ∈ Ĥk0(iA;Z) of the equivalence class [h] ∈ ˇHk(iA;Z). Then there exists a
differential form ω ∈Ωk−10 (X) such that cov(h) = ϕ∗ω . Now put h′ := h− ιiA(ω ,0). Then
we have cov(h′) = cov(h)−ϕ∗ω = 0, thus h′ ∈ Ĥk(X ,A;Z). From the exact sequence (38)
we conclude that [h] is the image of h′ under the map Ĥk(X ,A;Z)→ ˇHk(iA;Z).
Finally, exactness at Ω
k−1
0 (A)
i∗AΩ
k−1
0 (X)
is clear from exactness of the first sequence and the se-
quence (38). 
4. INTERNAL AND EXTERNAL PRODUCTS
In this chapter we discuss internal and external products in differential cohomology.
The internal product of differential characters and the induced ring structure on differential
cohomology Ĥ∗(X ;Z) has first been constructed in [16]. Uniqueness of the ring structure
was proved in [35] and [1]. The proof in [1, Ch. 6] starts from an axiomatic definition
of internal and external products, similar to the one in [35], and ends up with an explicit
formula. In this sense the proof is constructive. Simple formulas for the ring structure
are obtained in models of differential cohomology based on differential forms with singu-
larities [15], de Rham-Federer currents as in [23, Sec. 3], and differential cocycles [25],
[11].
Uniqueness of (the external product and) the ring structure has been shown in [35] and
[1, Ch. 6]. Our proof in there is constructive in the sense that it directly yields a formula
for the external product, starting from an abstract definition. In Section 4.1, we derive that
formula directly from the original construction of the ring structure in [16]. In Section 4.2
we use the methods of [1, Ch. 6] to construct a cross product between relative and absolute
differential characters. This in turn provides the graded abelian group Ĥ∗(ϕ ;Z) with the
structure of a right module over the ring Ĥ∗(X ;Z). The module structure is constructed
from the cross product by pull-back along a version of the diagonal map.
In [1] we focussed only on uniqueness of the cross product and ring structure of absolute
differential characters since existence of the products is well-known. In the present paper,
we only prove existence of the cross product between relative and absolute characters and
the module structure on Ĥ∗(ϕ ;Z). We do not prove uniqueness of the cross product. How-
ever, the uniqueness proof from [1, Ch. 6] for absolute differential cohomology carries
over directly to the notion of relative differential cohomology considered here.
4.1. The ring structure on differential cohomology. In this section we briefly recall the
original construction of the internal product
∗ : Ĥk(X ;Z)× Ĥk
′
(X ;Z)→ Ĥk+k
′
(X ;Z)
from [16]. We derive another formula for the induced external product based on represen-
tation of smooth singular cohomology by geometric cycles. This new formula was proved
in [1, Ch. 6] by means of an abstract definition of internal and external products of differen-
tial characters. Here we derive the new formula for the external product from the original
Cheeger-Simons formula for the internal product.
4.1.1. The Cheeger-Simons internal product. Let h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(X ;Z) be dif-
ferential characters. Choose real lifts ˜h ∈ Ck−1(X ;R) and ˜h′ ∈ Ck′−1(X ;R). Denote by
B : C∗(X ;Z)→C∗(X ;Z) the barycentric subdivision and by H : C∗(X ;Z)→C∗+1(X ;Z) a
chain homotopy from B to the identity, hence
(39) id−B = ∂ ◦H +H ◦ ∂ .
By construction, the image of the characteristic class c(h) in Hk(X ;R) coincides with
the de Rham cohomology class of curv(h) under the de Rham isomorphism. The wedge
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product of closed differential forms, regarded as smooth singular cocycles, descends to
the cup product on H∗dR(X) ∼= H∗(X ;R). Thus the differential form curv(h)∧ curv(h′),
regarded as a smooth singular cocycle, differs from the cocycle curv(h)∪ curv(h′) by a
real coboundary. An explicit construction of a cochain E(h,h′) ∈Ck+k′−1(X ;R) such that
δE(h,h′) = curv(h)∧ curv(h′)− curv(h)∪ curv(h′) is given in [16, p. 55f.] by:
E(h,h′)(x) :=−
∞
∑
j=0
(curv(h)∪ curv(h′))(H(B jx)) .
Here x ∈Ck+k′−1(X ;R).
Now put ν(˜h, ˜h′) :=
(
˜h∪µ ˜h′ +(−1)kcurv(h)∪ ˜h′
)
∈Ck+k′−1(X ;R). Then the differen-
tial character h ∗ h′ ∈ Ĥk+k′(X ;Z) is defined by
(40) (h ∗ h′)(z) := exp
(
2pi i
(
ν(˜h, ˜h′)+E(h,h′)
)
(z)
)
,
where z∈ Zk+k′−1(X ;Z). As observed in [16], the internal product ∗ is well-defined, i.e. it
does not depend upon the choice of real lifts ˜h, ˜h′ and chain homotopy H. Moreover, the
product ∗ is associative and graded commutative, and it is natural with respect to smooth
maps. It is compatible with the exact sequences in (22) in the sense that curvature and
characteristic class are multiplicative and
(41) ι(ρ)∗ h′ = ι(ρ ∧ curv(h′)).
By definition, the internal product is Z-bilinear. In particular, if h = 0 or h′ = 0, then
h ∗ h′ = 0.
Using these properties, we derive an expression for the internal product that no longer
involves the cochain E(h,h′). For a similar formula, see [16, p. 57].
Proposition 18. Let h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(X ;Z) be differential characters on X.
Let z ∈ Zk+k′−1(X ;Z) be cycle. Choose a geometric cycle M
f
−→ X that represents the
homology class [z]. Let y ∈ Zk+k′−1(M;Z) be a fundamental cycle of M. Choose a chain
a(z) ∈Ck+k′(X ;Z) such that z = f∗y+ ∂a(z). Then we have
(42) (h ∗ h′)(z) = lim
j→∞
exp
(
2pi i
(
f ∗ν(˜h, ˜h′)(B jy)+
ˆ
a(z)
curv(h)∧ curv(h′)
))
.
Proof. Since z = f∗y+ ∂a(z), we have:
(h ∗ h′)(z) = f ∗(h ∗ h′)(y) · exp
(
2pi i
ˆ
a(z)
curv(h ∗ h′)
)
= ( f ∗h ∗ f ∗h′)(y) · exp
(
2pi i
ˆ
a(z)
curv(h)∧ curv(h′)
)
.
We compute f ∗(h∗h′)([M]) using (40) on the stratifold M. The characteristic class c(h) is
represented by the cocycle µ ˜h := curv(h)− δ ˜h ∈Ck(M;Z), and similarly for h′. Now we
have:
µ ˜h∪µ ˜h′ = (curv(h)− δ ˜h)∪ (curv(h′)− δ ˜h′)
= curv(h)∪ curv(h′)− δ (˜h∪ (curv(h′)− δ ˜h′)+ (−1)kcurv(h)∪ ˜h′)
= curv(h)∪ curv(h′)− δν(˜h, ˜h′).
Since M is (k + k′− 1)-dimensional, the cocycle f ∗(µ ˜h ∪ µ ˜h′) is an integral coboundary
for dimensional reasons. Thus we have f ∗(µ ˜h∪µ ˜h′) = δ t for some t ∈Ck+k′−1(M;Z) and
hence f ∗(curv(h)∪ curv(h′)) = δ t + δν( f ∗ ˜h, f ∗ ˜h′). Evaluating the cochain E( f ∗h, f ∗h′)
on the fundamental cycle y of M, we obtain
E( f ∗h, f ∗h′)(y) =−
∞
∑
j=0
( f ∗curv(h)∪ f ∗curv(h′))(H(B jy))
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=−
∞
∑
j=0
δ (t +ν( f ∗ ˜h, f ∗ ˜h′))(H(B jy))
=−
∞
∑
j=0
(t +ν( f ∗ ˜h, f ∗ ˜h′))(∂H(B jy))
(39)
= −
∞
∑
j=0
(t +ν( f ∗ ˜h, f ∗ ˜h′))((id−B)B jy−H(∂B jy))
=−(t +ν( f ∗ ˜h, f ∗ ˜h′))(y)+ lim
j→∞
(t +ν( f ∗ ˜h, f ∗ ˜h′))(B jy)
=−t(y)+ lim
j→∞
t(B jy)︸ ︷︷ ︸
∈Z
−ν( f ∗ ˜h, f ∗ ˜h′)(y)+ lim
j→∞
ν( f ∗ ˜h, f ∗ ˜h′)(B jy).(43)
We thus have:
f ∗(h ∗ h′)(y) (40)= exp
(
2pi i
(
f ∗ν(˜h, ˜h′)+E( f ∗h, f ∗h′)
)
(y)
)
(43)
= exp
(
2pi i
(
( f ∗ν(˜h, ˜h′)−ν( f ∗ ˜h, f ∗ ˜h′))(y)+ lim
j→∞
ν( f ∗ ˜h, f ∗ ˜h′)(B jy)
))
= exp
(
2pi i
(
lim
j→∞
ν( f ∗ ˜h, f ∗ ˜h′)(B jy)
))
. 
4.1.2. The external or cross product. Similar to singular cohomology, the internal product
of differential characters on a manifold X gives rise to an external or cross product
× : Ĥk(X ;Z)× Ĥk
′
(X ′;Z)→ Ĥk+k
′
(X ×X ′;Z) , (h,h′) 7→ (pr∗1 h)∗ (pr∗2 h′) .
Here pr1,pr2 denote the projection on the first and second factor of X ×X ′, respectively.
Conversely, the internal product can be recovered from the external product by pull-back
along the diagonal ∆X : X → X ×X , x 7→ (x,x): for characters h,h′ ∈ Ĥk(X ;Z), we have:
∆∗X(h× h′) = ∆∗X(pr∗1 h ∗ pr∗2 h′) = (pr1 ◦∆X)∗h ∗ (pr2 ◦∆X)∗h′ = h ∗ h′ .
The external product is Z-bilinear. Moreover, since curvature and characteristic class
are multiplicative for the internal product, the same holds for the external product:
curv(h× h′) = curv(h)× curv(h′) ∈ Ωk+k′(X ×X ′),(44)
c(h× h′) = c(h)× c(h′) ∈ Hk+k′(X ×X ′;Z).(45)
4.1.3. A formula for the cross product. To understand the external product h× h′ of dif-
ferential characters h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(X ′;Z), the following special case is crucial.
It is the key step in the uniqueness proof in [1, Ch. 6]. We give another proof here, based
on Proposition 18.
Lemma 19. Let M and M′ be closed oriented regular stratifolds with dim(M)+dim(M′) =
k+ k′− 1. Let h ∈ Ĥk(M;Z) and h′ ∈ Ĥk′(M′;Z). Then we have:
(46) (h×h′)([M×M′])=

h([M])〈c(h′),[M′]〈 if (dim(M),dim(M′)) = (k− 1,k′)
h′([M′])(−1)k〈c(h),[M]〉 if (dim(M),dim(M′)) = (k,k′− 1)
1 otherwise .
Proof. If dim(M) < k − 1, we have Ĥk(M;Z) = {0}. If dim(M′) < k′ − 1, we have
Ĥk′(M′;Z) = {0}. Thus if (dim(M),dim(M′)) /∈ {(k− 1,k′),(k,k′− 1)} then either h = 0
or h′ = 0. Hence h× h′ = 0.
Now let y ∈ Zk+k′−1(M×M′;Z) be a fundamental cycle of M×M′. By (42), we have
(h× h′)([M×M′]) = (pr∗1 h ∗ pr∗2 h′)(y)
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(42)
= lim
j→∞
exp
(
2pi i ·ν(pr∗1 h˜,pr∗2 h˜′)(B jy)
)
= lim
j→∞
exp
(
2pi i ·
(
h˜× µ h˜′ +(−1)kcurv(h)× h˜′
)
(B jy)
)
Since (h× h′)([M×M′]) does not depend upon the choice of fundamental cycle, we may
choose y = x× x′, where x and x′ are fundamental cycles of M and M′, respectively. More-
over, we have B jy = y+ ∂b j for some b j ∈Ck+k′(M×M′;Z) = Sk+k′(M×M′;Z).
If dim(M) = k− 1, we may choose h˜ to be a cocycle. Then h˜× µ h˜′ is a cocycle, too.
Moreover, curv(h) = 0 in this case, and we obtain:
(h× h′)([M×M′]) = lim
j→∞
exp
(
2pi i ·
(
h˜× µ h˜′ +(−1)kcurv(h)× h˜′
)
(x× x′+ ∂b)
)
= exp
(
2pi i · h˜(x) ·µ h˜′(x′)
)
=
(
h([M])
)〈c(h′),[M′]〉
Similarly, for dim(M) = k, we have dim(M′) = k′−1, hence curv(h′) = 0. We may choose
h˜′ to be a cocycle. Then curv(h)× h˜′ is a cocycle and µ h˜′ = 0. This yields:
(h× h′)([M×M′]) = lim
j→∞
exp
(
2pi i ·
(
h˜× µ h˜′ +(−1)kcurv(h)× h˜′
)
(x× x′+ ∂b)
)
= exp
(
2pi i · (−1)k · h˜′(x′) ·
ˆ
M
curv(h)
)
=
(
h′([M′])
)(−1)k·〈c(h),[M]〉
. 
From Lemma 19 and Remark 6 we easily obtain a formula for the external product
as in [1, Ch. 6]. The Ku¨nneth sequence allows us to decompose cycles in X × X ′ into
a sum of cross products of cycles in X and X ′ respectively, and a torsion cycle. This is
done by carefully constructing splittings of the Ku¨nneth sequence at the level of cycles as
explained in detail in [1, Ch. 6]. The construction is briefly reviewed in the appendix.
The construction for the relative Ku¨nneth sequence is given in detail there. We use it to
construct the module structure on Ĥ∗(ϕ ;Z) in the following section.
Let h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(X ′;Z) be differential characters. To evaluate the char-
acter h× h′ ∈ Ĥk+k′(X × X ′;Z) on a cycle z ∈ Zk+k′−1(X × X ′;Z) we use the Ku¨nneth
decomposition of z into a sum of cross products of cycles on X and X ′ and a torsion cycle.
Then the two types of summands are treated separately. This yields:
Corollary 20 (Formula for the cross product). Let h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(X ′;Z), and
let z ∈ Zk+k′−1(X ×X ′;Z). Decompose it according to the Ku¨nneth sequence into a sum
of cross products of cycles in X and X ′, respectively, and torsion cycles. Then h× h′ is
evaluated on the two types of summands separately:
If z represents an N-torsion class, choose a chain b ∈Ck+k′(X ×X ′;Z) such that ∂b =
N · z. Then we have:
(47) (h× h′)(z) = exp
(2pi i
N
(ˆ
b
curv(h)× curv(h′)−〈c(h)× c(h′),b〉
))
.
If z = yi× y′j with yi ∈ Zi(X ;Z) and y′j ∈ Z j(X ′;Z) we have:
(48) (h× h′)(yi× y′j) =

h(yi)〈c(h
′),y′j〉 if (i, j) = (k− 1,k′)
h′(y′j)(−1)
k〈c(h),yi〉 if (i, j) = (k,k′− 1)
1 otherwise .
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Proof. The representation (47) on torsion cycles follows from Remark 6 and (44), (45).
Now let z = yi × y′j where yi ∈ Zi(X ;Z) and y′j ∈ Z′j(X ′;Z). Choose geometric cycles
ζ (yi) ∈Zi(X) and ζ ′(y′j) ∈Z j(X ′) and chains a(yi) ∈Ci+1(X ;Z) and a(y′j) ∈C j+1(X ′;Z)
such that [yi− ∂a(yi)]∂Si+1 = [ζ (yi)]∂Si+1 and [y′j − ∂a(y′j)]∂S j+1 = [ζ (y′j)]∂S j+1 .
Now apply Lemma 19 to the fundamental cycles of ζ (yi) and ζ ′(y′j): For degrees (i, j)
different from (k−1,k′) and (k,k′−1) we have (h×h′)(yi×y′j) = 1. For (i, j) = (k−1,k′)
we obtain:
(h× h′)(yk−1× y′k′) = h([ζ (yk−1)]∂Sk)〈c(h
′),y′k′ 〉 · exp
(
2pi i
ˆ
(a(yi)×y′k′ )
curv(h× h′)
)
= h([ζ (yk−1)]∂Sk)〈c(h
′),y′k′ 〉 · exp
(
2pi i
ˆ
a(yk−1)
curv(h) ·
ˆ
y′k′
curv(h′)
)
= h([ζ (yk−1)]∂Sk)〈c(h
′),y′k′ 〉 ·h(∂a(yk−1))〈c(h
′),y′k′ 〉
= h(yk−1)〈c(h
′),y′k′ 〉 .
Similarly for (i, j) = (k− 1,k′) we obtain:
(h× h′)(yk × y′k′−1) = h(y
′
k′−1)
(−1)k·〈c(h),yk′ 〉 . 
4.2. The module structure on relative differential cohomology. In this section, we
use the method developed in [1, Ch. 6] to construct an external and internal product be-
tween relative and absolute differential characters. This provides the graded abelian group
Ĥ∗(ϕ ;Z) of relative differential characters with the structure of a right module over the
ring Ĥ∗(X ;Z). The module structure is natural with respect to smooth maps. It is compat-
ible with the module structures on relative cohomology and the relative de Rham complex
in the sense that the structure maps (i.e. curvature, covariant derivative, characteristic class
and topological trivializations) are multiplicative. Moreover, the module structure is com-
patible with the maps p˘ and ı˘ between absolute and relative differential characters groups.
4.2.1. The cross product. As above let ϕ : A → X be a smooth map. We consider the
induced map ϕ × idX ′ : A×X ′ → X ×X ′. The cup product on smooth singular cochains
induces an internal product between relative and absolute cochains
∪ : C∗(ϕ ;Z)⊗C∗(X ;Z)→C∗(ϕ ;Z) , (µ ,ν)∪σ := (µ ∪σ ,ν ∪σ) .
Likewise, the cup product induces an external or cross product
× : C∗(ϕ ;Z)⊗C∗(X ′;Z)→C∗(ϕ × idX ′ ;Z) , (µ ,ν)×σ := (µ ×σ ,ν×σ) .
Since cross and cup products are natural chain maps, so are the induced internal and ex-
ternal products between absolute and relative cochains. Clearly, the products are invariant
under the boundary operator of the mapping cone complex and thus descend to the cup
and cross products on cohomology. Th cup product in particular provides the mapping
cone cohomology H∗(ϕ ;Z) with the structure of a right module over the cohomology ring
H∗(X ;Z).
Likewise, the wedge product4 of differential forms induces an internal product between
relative differential forms (ω ,ϑ) ∈ Ωk(ϕ) and differential forms ω ′ ∈ Ωk′(X):
(ω ,ϑ)∧ω ′ := (ω ∧ω ′,ϑ ∧ϕ∗ω ′) ∈ Ωk+k′(ϕ)
This provides the mapping cone de Rham complex Ω∗(ϕ) with the structure of a right
module over the ring Ω∗(X) of differential forms on X . Similarly, we have the external
product of (ω ,ϑ) ∈ Ωk(ϕ) with ω ′ ∈ Ωk′(X ′):
(ω ,ϑ)×ω ′ := (ω ×ω ′,ϑ ×ϕ∗ω ′) ∈ Ωk+k′(ϕ × idX ′) .
4We avoid the familiar term “exterier product” to avoid confusion with the external product. The wedge
product clearly defines an internal rather than an external product on the de Rham complex.
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The internal and external products on the de Rham complex Ω∗(ϕ) and the cochain com-
plex C∗(ϕ ;R) coincide in cohomology under the de Rham isomorphism. Hence they in-
duce the same module structure on H∗dR(ϕ)∼= H∗(ϕ ;R).
Now we construct the external product between a relative character h ∈ Ĥ∗(ϕ ;Z) and
an absolute character h′ ∈ Ĥ∗(X ′;Z). The construction is completely analogous to the one
for absolute characters reviewed in the previous section.
We have the relative Ku¨nneth sequence
0 →
[
H∗(ϕ ;Z)⊗H∗(X ′;Z)
]
n
×
−→Hn(ϕ× idX ′ ;Z)→ Tor(H∗(ϕ ;Z),H∗(X ′;Z))n−1 → 0 .
As is well-known, the sequence splits on the level of cycles. A construction of a splitting
S : Z(C∗(ϕ × idX ′ ;Z)→ Z∗(ϕ ;Z)⊗Z∗(X ′;Z) is given in the appendix. Denote the com-
plement of the image of Z∗(ϕ ;Z)⊗Z∗(X ′;Z) ×−→ Zk+k′−1(ϕ × idX ′ ;Z), obtained from the
Ku¨nneth splitting, by Tk+k′−1(ϕ × idX ′ ;Z). It will be referred to as the Ku¨nneth comple-
ment.
Now let (s, t) ∈ Zk+k′−1(ϕ × idX ′ ;Z) be a cycle. The Ku¨nneth splitting allows us to
decompose (s, t) into a sum of cross products of cycles (x,y) ∈ Z∗(ϕ ;Z) and y′ ∈ Z∗(X ′;Z)
and torsion cycles in Tk+k′−1(ϕ × idX ′ ;Z). Analogously to Corollary 20 we define the
external product as follows:
Definition 21 (Cross product). The cross product of differential characters h ∈ Ĥk(ϕ ;Z)
and h′ ∈ Hk′(X ′;Z) is the homomorphism h× h′ : Zk+k′−1(ϕ × idX ′ ;Z)→ U(1) defined as
follows:
For cycles (x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z), put
(49) (h× h′)((x,y)× y′) =

h(x,y)〈c(h′),y′〉 if (i, j) = (k− 1,k′)
h′(y′)(−1)k·〈c(h),(x,y)〉 if (i, j) = (k,k′− 1)
1 otherwise.
For an N-torsion cycle (s, t) ∈ Tk+k′−1(ϕ × idX ′ ;Z) in the Ku¨nneth complement choose a
chain (a,b) ∈Ck+k′(ϕ × idX ′ ;Z) such that N · (s, t) = ∂ϕ×idX ′ (a,b). Then put
(50) (h×h′)(s, t) := exp
(2pi i
N
(ˆ
(a,b)
(curv,cov)(h)×curv(h′)−〈c(h)×c(h′),(a,b)〉
))
.
These two cases uniquely determine the homomorphism h× h′ : Zk+k′−1(ϕ × idX ′ ;Z)→
U(1).
Some comments on the notations in Definition 21 are in order. First of all, we write
〈c(h),(x,y)〉= 〈c(h), [x,y]〉 =
ˆ
(x,y)
(curv,cov)(h)
and 〈c(h′),y′〉= 〈c(h′), [y′]〉=
ˆ
y′
curv(h′)
for the Kronecker pairing between (relative) cohomology and homology in (49).
Secondly, the term 〈c(h)× c(h′),(a,b)〉 in (50) is not well-defined. Replacing the
cohomology class c(h) × c(h′) by a cocycle µ ∈ Ck+k′(ϕ × idX ′ ;Z) representing it,
the term exp 2pi iN 〈µ ,(a,b)〉 is independent of the choice of cocycle. This is because
1
N 〈δϕ×idX ′ ℓ,(a,b)〉= 〈ℓ,(s, t)〉 ∈ Z holds for any cochain ℓ ∈C
k+k′−1(ϕ × idX ′ ;Z).
Thirdly, the value of h× h′ on a torsion cycle (s, t) obtained from the Ku¨nneth splitting
is independent of the choice of chain (a,b) satisfying N · (s, t) = ∂ϕ×idX ′ (a,b). For if we
change (a,b) by adding a cycle (v′,w′) ∈ Zk+k′(ϕ × idX ′ ;Z), the result in (50) changes by
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multiplication with
exp
(2pi i
N
(ˆ
(v′,w′)
(curv,cov)(h)× curv(h′)−〈c(h)× c(h′),(v′,w′)〉︸ ︷︷ ︸
=0
))
= 1 .
Finally, the Ku¨nneth complement Tk+k′−1(ϕ× idX ′ ;Z)⊂ Zk+k′−1(ϕ× idX ′ ;Z) is the sum
over N ∈N of its subgroups of N-torsion cycles. This sum is of course not direct. However,
it is easy to see that the homomorphism h× h′ in (50) is well-defined: for a cycle (s, t) in
the complement choose N′ minimal such that N′ ·(s, t) = ∂ϕ×idX ′ (a,b). Then the homology
class [s, t] has order N′ in Hk+k′−1(ϕ × idX ′ ;Z) and all other possible choices of N divide
N′. Thus the values in (50) for all such choices coincide.
4.2.2. Well-definedness. Clearly, the map h×h′ : Zk+k′−1(ϕ× idX ′ ;Z)→U(1) defined by
(49) and (50) is a homomorphism. We show that it satisfies condition (20) and thus defines
a differential character in Ĥk+k′(ϕ × idX ′ ;Z).
Proposition 22. Let h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z) be differential characters. Then
the homomorphism h× h′ : Zk+k′−1(ϕ × idX ′ ;Z)→ U(1) in Definition 21 is a differential
character in Ĥk+k′(ϕ × idX ′ ;Z) with (curv,cov)(h× h′) = (curv,cov)(h)× curv(h′).
Proof. We check condition (20) for the two cases separately. Since the cross product is
injective on cohomology, a cross product of cycles is a boundary if and only if one of the
factors is a boundary. For (x,y) = ∂ϕ(a,b) ∈ Zk−1(ϕ ;Z) and y′ ∈ Zk′(X ′;Z), we have:
(h× h′)(∂ϕ×idX ′ ((a,b)× y
′))) = (h× h′)(∂ϕ(a,b)× y′)
(49)
= (h× h′)(∂ϕ(a,b))〈c(h
′),y′〉
= exp
(
2pi i
(ˆ
(a,b)
(curv(h),cov(h)) ·
ˆ
y′
curv(h′)
))
= exp
(
2pi i
ˆ
(a,b)×y′
(curv,cov)(h)× curv(h′)
)
.
For (x,y) ∈ Zk−1(ϕ ;Z) and y′ = ∂b′ ∈ Zk′(X ′;Z), we have:
(h× h′)(∂ϕ×idX ′ ((x,y)× b
′))) = (h× h′)((−1)k′−1(x,y)× ∂b′)
(49)
= h((−1)k′−1(x,y))〈c(h′),∂b′〉
= 1
= exp
(
2pi i
ˆ
(x,y)×b′
(curv,cov)(h)× curv(h′)
)
.
The last equality follows from the fact that the differential form curv(h′) ∈Ωk′0 (X ′) and the
chain b′ ∈Ck′+1 have different degrees (and similarly for the other factor).
Similarly, for (x,y) ∈ Zk(ϕ ;Z) and y′ = ∂b′ ∈ Zk′−1(X ′;Z), we have:
(h× h′)(∂ϕ×idX ′ (x,y)× b
′) = (h× h′)((−1)k(x,y)× ∂b′)
(49)
= h′(∂b′)〈c(h),(x,y)〉
= exp
(
2pi i
ˆ
b′
curv(h′) ·
ˆ
(x,y)
(curv,cov)(h)
)
= exp
(
2pi i
ˆ
(x,y)×b′
(curv,cov)(h)× curv(h′)
)
.
Finally, for (x,y) = ∂ϕ(a,b) ∈ Zk(ϕ ;Z) and y′ ∈ Zk′−1(X ′;Z), we have:
(h× h′)(∂ϕ×idX ′ (a,b)× y
′) = (h× h′)(∂ϕ (a,b)× ∂y′)
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(49)
= h′(∂b′)〈c(h),∂ϕ (a,b)〉
= 1
= exp
(
2pi i
ˆ
(a,b)×y′
(curv,cov)(h)× curv(h′)
)
.
If (s, t) = ∂ϕ×idX ′ (v,w) ∈ Tk+k′−1(ϕ× idX ′ ;Z) is a boundary, we may choose N = 1 in (50).
This yields
(h× h′)(∂ϕ×idX ′ (v,w))
(50)
= exp
(
2pi i
(ˆ
(v,w)
(curv,cov)(h)× curv(h′)−〈c(h)× c(h′),(v,w)〉︸ ︷︷ ︸
∈Z
))
= exp
(
2pi i
ˆ
(v,w)
(curv,cov)(h)× curv(h′)
)
.
Thus the homomorphism h× h′ : Zk+k′−1(ϕ × idX ′ ;Z) → U(1) is a relative differential
character in Ĥk+k′(ϕ × idX ′ ;Z) with (curv,cov)(h× h′) = (curv,cov)(h)× curv(h′). 
4.2.3. Naturality and compatibilities. We show that the cross product of relative and ab-
solute differential characters is natural with respect to smooth maps. Moreover, it is com-
patible with the structure maps (curvature, covariant derivative, characteristic class and
topological trivializations) and with the homomorphisms p˘ and ı˘ between absolute and
relative characters groups.
Theorem 23 (Cross product: naturality and compatibilities). The cross product between
relative and absolute differential characters
× : Ĥk(ϕ ;Z)× Ĥk′(X ′;Z)→ Ĥk+k′(ϕ × idX ′ ;Z) , (h,h′) 7→ h× h′ ,
is Z-bilinear and associative with respect to absolute characters: for a relative character
h ∈ Ĥk(ϕ ;Z) and absolute characters h′ ∈ Ĥk′(X ′;Z) and h′′ ∈ Ĥk′′(X ′′;Z), we have
(51) (h× h′)× h′′ = h× (h′× h′′) ∈ Ĥk+k′+k′′(ϕ × idX ′×X ′′) .
The cross product is natural: for smooth maps (Y,B) ( f ,g)−−−→ (X ,A) and Y ′ f
′
−→ X ′, we have:
(52) (( f ,g)× f ′)∗(h× h′) = ( f ,g)∗h× f ′∗h′ .
Curvature, covariant derivative, characteristic class and topological trivializations are
multiplicative:
(curv,cov)(h× h′) = (curv,cov)(h)× curv(h′) .(53)
c(h× h′) = c(h)× c(h′) .(54)
ιϕ (ω ,ϑ)× h′ = ιϕ×idX ′ ((ω ,ϑ)× curv(h
′)) ,(55)
where (ω ,ϑ) ∈ Ωk−1(ϕ), h′ ∈ Ĥk′(X ′;Z) and hence (ω ,ϑ)× curv(h′) ∈ Ωk+k′−1(ϕ ×
idX ′).
The homomorphism ı˘ is multiplicative: for h ∈ Ĥk−1(A;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
ı˘ϕ (h)× h′ = ı˘ϕ×idX ′ (h× h
′) .(56)
Likewise, the map p˘ is multiplicative: for h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
p˘ϕ×idX ′ (h× h
′) = p˘ϕ(h)× h′ .(57)
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Proof. The cross product is obviously Z-bilinear. Moreover, (53) was observed in the
proof of Proposition 22. The other properties have to be checked now.
a) We compute the characteristic class c(h× h′). Let ˜h and ˜h′ be real lifts of h and h′
and µ ˜h := (curv,cov)(h)− δϕ ˜h ∈ Ck(ϕ ;Z) and µ ˜h
′
:= curv(h′)− δ ˜h′ ∈ Ck′(X ′;Z) be the
corresponding cocyles for the characteristic classes. We first compute a real lift h˜× h′ for
the character h× h′.
We have the Ku¨nneth splitting:5
(58) Zk+k′−1(ϕ × idX ′ ;Z) =
(
Z∗(ϕ ;Z)⊗Z∗(X ′;Z)
)
k+k′−1⊕Tk+k′−1(ϕ × idX ′ ;Z) .
On the first factor we obtain from (49) the real lift
˜h× µ ˜h′ +(−1)k(curv,cov)(h)× ˜h′ .
On N-torsion cycles in the second factor we obtain from (50) the real lift
1
N
(
(curv,cov)(h)× curv(h′)− µ ˜h× µ ˜h′
)
◦ ∂−1ϕ×idX ′ ◦
(
N · (·)
)
.
In particular, the coboundary of the lift on the second factor is given by
(59) δϕ×idX ′
(
h˜× h′|Tk+k′−1(ϕ×idX ′ ;Z)
)
= (curv,cov)(h)× curv(h′)− µ ˜h× µ ˜h′ .
Now we compute the cocycle µ h˜×h′ ∈Ck+k′(ϕ × idX ′ ;Z) that represents the characteristic
class c(h× h′) ∈ Hk+k′(ϕ × idX ′ ;Z). We use the decomposition
Ck+k′(ϕ × idX ′ ;Z)
= Zk+k′(ϕ × idX ′ ;Z)⊕ im
(
Ck+k′(ϕ× idX ′ ;Z)
sϕ×idX ′←−−−− Bk+k′−1(ϕ × idX ′ ;Z)
)
(60)
obtained from a splitting of the boundary map ∂ϕ×idX ′ . On the first factor in (60), we have
µ h˜×h′
∣∣
Zk+k′ (ϕ×idX ′ ;Z)
:= (curv,cov)(h× h′)− δϕ×idX ′ h˜× h′
= (curv,cov)(h)× curv(h′)
=
(
µ ˜h× µ ˜h′
)∣∣
Zk+k′ (ϕ×idX ′ ;Z)
The second factor in (60) inherits a further splitting from (58). With respect to this splitting,
we obtain:
µ h˜×h′ := (curv,cov)(h× h′)− δϕ×idX ′ h˜× h′
(59)
= (curv,cov)(h)× curv(h′)
− δϕ×idX ′
(
˜h× µ ˜h′ +(−1)k(curv,cov)(h)× ˜h′
)
⊕
(
(curv,cov)(h× h′)− µ ˜h× µ ˜h′
)
=
(
(curv,cov)(h)× curv(h′)− δϕ ˜h× µ ˜h
′
− (curv,cov)(h)× δ ˜h′
)
⊕
(
µ ˜h× µ ˜h′
)
=
(
(curv,cov)(h)× µ ˜h′− δϕ ˜h× µ ˜h
′
)
⊕
(
µ ˜h× µ ˜h′
)
= µ ˜h× µ ˜h′ .
In conclusion, we have µ h˜×h′ = µ ˜h× µ ˜h′ and thus (54) holds.
b) Next we prove associativity. To apply Definition 21 we need to first derive an appro-
priate Ku¨nneth splitting of Zk+k′+k′′−1(ϕ× idX ′×X ′′ ;Z). The cross product of cycles and the
classical Alexander-Whitney and Eilenberg-Zilber maps are associative. This implies that
5More precisely, the first factor is the image of
(
Z∗(ϕ ;Z)⊗Z∗(X ′;Z)
)
k+k′−1
×
−→ Zk+k′−1(ϕ× idX ′ ;Z). There-
for, we write cross products instead of tensor products for the real lifts on this factor.
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the induced Alexander-Whitney and Eilenberg-Zilber maps for mapping cone complexes
are also associative. More explicitly, we have the following commutative diagram:
Z∗(ϕ ;Z)⊗Z∗(X ′;Z)⊗Z∗(X ′′;Z)
×⊗id //
id⊗×

Z∗(ϕ × idX ′ ;Z)⊗Z∗(X ′′;Z)
Sϕ⊗id
oo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
×

Z∗(ϕ ;Z)⊗Z∗(X ′×X ′′;Z)
× //
id⊗S
OO✤
✤
✤
✤
✤
✤
Z∗(ϕ × idX ′×X ′′ ;Z) .
Sϕ×idX ′ × idX ′′
OO✤
✤
✤
✤
✤
✤
Sϕ×idX×X ′
oo❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴ ❴
S
jj❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚ ❚
The induced splitting S : Z∗(ϕ × idX ′×X ′′ ;Z) → Z∗(ϕ ;Z)⊗ Z∗(X ′;Z)⊗ Z∗(X ′′;Z) of the
concatenation ×◦ (id⊗×) =×◦ (×⊗ id) yields a direct sum decomposition
(61) Z∗(ϕ × idX ′×X ′′ ;Z) = Z∗(ϕ ;Z)⊗Z∗(X ′;Z)⊗Z∗(X ′′;Z)⊕ ker(S) .
By the relative Ku¨nneth theorem, the cycles in ker(S) represent torsion classes in
Hk+k′+k′′(ϕ× idX ′×X ′′ ;Z).
The cross products of relative and absolute differential forms and cohomology classes
are associative. Thus for a relative differential character h∈ Ĥk(ϕ ;Z) and absolute charac-
ters h′ ∈ Ĥk′(X ′;Z) and h′′ ∈ Ĥk′′(X ′′;Z), the cross products (h×h′)×h′′ and h× (h′×h′′)
have the same curvature, covariant derivative and characteristic class. Hence they coincide
on torsion cycles, and in particular on cycles in ker(S).
Now we compare the two characters (h× h′)× h′′ and h× (h′× h′′) on cross products
(x,y)×y′×y′′, where (x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z) and y′′ ∈ Zl(X ′′;Z). By (49) both
characters vanish on cross products with (i, j, l) different from (k−1,k′,k′′), (k,k′−1,k′′)
and (k,k′,k′′− 1). Now we compute the remaining cases. For (i, j, l) = (k− 1,k′,k′′), we
have:
((h× h′)× h′′)((x,y)× y′× y′′) = (h× h′)((x,y)× y′)〈c(h′′),y′′〉
= h(x,y)〈c(h′),y′〉·〈c(h′′),y′′〉
(45)
= h(x,y)〈c(h′×h′′),y′×y′′〉
= (h× (h′× h′′))((x,y)× y′× y′′) .
Similarly, for (i, j, l) = (k− 1,k′,k′′), we have:
((h× h′)× h′′)((x,y)× y′× y′′) = (h× h′)((x,y)× y′)〈c(h′′),y′′〉
= h′(y′)(−1)k·〈c(h),(x,y)〉·〈c(h′′),y′′〉
= (h′× h′′)(y′× y′′)(−1)k·〈c(h),(x,y)〉
= (h× (h′× h′′))((x,y)× y′× y′′) .
Finally, for (i, j, l) = (k,k′,k′′− 1), we have:
((h× h′)× h′′)((x,y)× y′× y′′) = h′′(y′′)(−1)k+k
′
·〈c(h×h′),(x,y)×y′〉
(54)
= h′′(y′′)(−1)k·〈c(h),(x,y)〉·(−1)k
′
·〈c(h′),y′〉
= (h× (h′× h′′))((x,y)× y′× y′′) .
Thus (h× h′)× h′′ = h× (h′× h′′).
c) Now we consider topological trivializations. Let (ω ,ϑ) ∈ Ωk−1(ϕ). We compare
the characters ιϕ (ω ,ϑ)× h′ and ιϕ×idX ′ ((ω ,ϑ)× curv(h
′)). For curvature and covariant
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derivative, we have:
(curv,cov)(ιϕ (ω ,ϑ)× h′) = (curv,cov)(ιϕ (ω ,ϑ))× curv(h′)
= dϕ(ω ,ϑ)× curv(h′)
= dϕ×idX ′
(
(ω ,ϑ)× curv(h′)
)
= (curv,cov)
(
ιϕ×idX ′ ((ω ,ϑ)× curv(h
′))
)
.
For the characteristic class, we have:
c(ιϕ (ω ,ϑ)× h′) = c(ιϕ (ω ,ϑ))︸ ︷︷ ︸
=0
×c(h′) = 0 = c
(
ιϕ×idX ′ ((ω ,ϑ)× curv(h
′))
)
.
By (50) the characters ιϕ (ω ,ϑ)× h′ and ιϕ×idX ′ ((ω ,ϑ)× curv(h′)) thus coincide on the
factor Tk+k′−1(ϕ × idX ′ ;Z) in Zk+k′−1(ϕ× idX ′ ;Z).
Let (s, t) = (x,y)× y′ be a cross product of cycles (x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z).
By (50), we have (ιϕ (ω ,ϑ)× h′)((x,y)× y′) = 1 if (i, j) 6= (k− 1,k′). The same holds
for the character ιϕ×idX ′ ((ω ,ϑ)× curv(h
′)), since the differential form (ω ,ϑ)× curv(h′)
vanishes upon integration over cross products of cycles of degrees different from (k−1,k′).
For (i, j) = (k− 1,k′), we have:
(ιϕ (ω ,ϑ)× h′)((x,y)× y′) = (ιϕ(ω ,ϑ)(x,y))〈c(h
′),y′〉
= exp
(
2pi i
ˆ
(x,y)
(ω ,ϑ)
ˆ
y′
curv(h′)
)
= ιϕ×idX ′ ((ω ,ϑ)× curv(h
′))((x,y)× y′) .
This proves (55).
d) Now we prove naturality. Let ψ : Y → B and f ′ : Y ′ → X ′ be smooth maps. Let
(Y,B) ( f ,g)−−−→ (X ,A) be a smooth map. Let h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z). The relative
classical Alexander-Whitney and Eilenberg-Zilber maps are natural with respect to smooth
maps. Thus so are the Ku¨nneth splittings (58) constructed in the appendix. More explicity,
the map induced by (Y,B)×Y ′ ( f ,g)× f
′
−−−−−→ (X ,A)×X ′ maps the splitting
Zk+k′−1(ψ × idY ′ ;Z) =
(
Z∗(ψ ;Z)⊗Z∗(Y ′;Z)
)
k+k′−1⊕Tk+k′−1(ψ × idY ′ ;Z)
to the splitting
Zk+k′−1(ϕ × idX ′ ;Z) =
(
Z∗(ϕ ;Z)⊗Z∗(X ′;Z)
)
k+k′−1⊕Tk+k′−1(ϕ × idX ′ ;Z) .
Since curvature, covariant derivative and characteristic class are natural, by (50) we have
for any cycle (s, t) ∈ Tk+k′−1(ψ × idY ′ ;Z):(
(( f ,g)× f ′)∗(h× h′))(s, t) = (h× h′)((( f ,g)× f ′)∗(s, t))
= (( f ,g)∗h× f ′∗h′)(s, t) .
Similarly, for cross product cycles (s, t) = (x,y)× y′ with (x,y) ∈ Zi(ψ ;Z) and y′ ∈
Z j(Y ′;Z), we obtain from (50):(
(( f ,g)× f ′)∗(h× h′))((x,y)× y′) = (h× h′)((( f ,g)× f ′)∗((x,y)× y′))
= (h× h′)(( f ,g)∗(x,y)× f ′∗y′))
= (( f ,g)∗h× f ′∗h′)(s, t) .
e) Finally we consider compatibility with the maps ı˘ and p˘ that relate absolute and
relative differential characters groups. For h ∈ Ĥk−1(A;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
(curv,cov)(ı˘ϕ (h)× h′) = (0,−curv(h)× curv(h′))
= (0,−curv(h× h′))
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= (curv,cov)(ı˘ϕ×idX ′ (h× h
′)) .
Moreover, the characteristic classes of both ı˘ϕ(h)× h′ and ı˘ϕ×idX ′ (h× h
′) equal the image
of the class c(h× h′) under the map Hk+k′−1(A×X ′;Z)→ Hk+k′(ϕ × idX ′ ;Z). Thus the
characters ı˘ϕ (h)× h′ and ı˘ϕ×idX ′ (h× h
′) coincide on the second factor in (58).
Let (s, t) = (x,y)×y′ be a cross product of cycles (x,y)∈Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z). By
(48) and (49) both ı˘ϕ (h)×h′ and ı˘ϕ×idX ′ (h×h′) vanish on cross products with (k−1,k′) 6=
(i, j) 6= (k,k′− 1). For (i, j) = (k− 1,k′) or (i, j) = (k,k′− 1), we have:
(ı˘(h)× h′)((x,y)× y′) = (h× h′)(y× y′) = ı˘(h× h′)((x,y)× y′) .
Thus (56) holds. The proof of (57) is completely analogous. 
4.2.4. The module structure. As is well-known, the cup product provides relative coho-
mology with the structure of a right module over the absolute cohomology ring. In the
same way, the mapping cone cohomology H∗(ϕ ;Z) of a (smooth) map ϕ : A→ X is a right
module over the cohomology ring H∗(X ;Z). Similarly, we have an internal product on the
mapping cone de Rham complex Ω∗(ϕ) defined by
(62) (ω ,ϑ)∧ω ′ := (ω ∧ω ′,ϑ ∧ϕ∗ω ′) ,
where (ω ,ϑ) ∈ Ω∗(ϕ) and ω ′ ∈ Ω∗(X). Thus the abelian group Ω∗(ϕ) is a right module
over the ring Ω∗(X) of differential forms on X .
From the external product between relative and absolute differential characters we de-
rive an internal product by pull-back along a version of the diagonal map. By the analogue
of Theorem 23, the internal product provides the graded abelian group Ĥ∗(ϕ ;Z) with a
natural structure of a right module over the ring Ĥ∗(X ;Z) such that the structure maps
(curvature, covariant derivative and characteristic class) become ring homomorphisms.
Denote by ∆X : X → X ×X , x 7→ (x,x), the diagonal map, and similarly for A. Let
ϕ : A → X be a smooth map and ϕ × idX : A×X → X ×X . Similar to the diagonal map,
let
∆(X ,A) := (∆X ,(idA×ϕ)◦∆A) : (X ,A)→ (X ,A)×X = (X ×X ,A×X) ,
(x,a) 7→ ((x,x),(a,ϕ(a))) .
Since the external product of relative and absolute differential characters is natural, we may
use ∆(X ,A) to pull-back cross products h× h′ ∈ Ĥk+k
′
(ϕ × idX ′ ;Z) to (X ,A).
Definition 24 (Internal product). Let h∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ;Z) be differential char-
acters. Their internal product the character h ∗ h′ ∈ Ĥk+k′(ϕ ;Z), defined by
h ∗ h′ := ∆∗(X ,A)(h× h
′) .
The properties of the external product proved in Theorem 23 directly translate into
properties of the internal product. This establishes the module structure on Ĥ∗(ϕ ;Z) and
turns the curvature, covariant derivative and characteristic into module homomorphisms:
Theorem 25 (Module structure: naturality and compatibilities). The internal product be-
tween relative and absolute differential characters
∗ : Ĥk(ϕ ;Z)× Ĥk′(X ′;Z)→ Ĥk+k′(ϕ× idX ′ ;Z) , (h,h′) 7→ h× h′ ,
is Z-bilinear and associative with respect to absolute characters: for a relative character
h ∈ Ĥk(ϕ ;Z) and absolute characters h′ ∈ Ĥk′(X ;Z) and h′′ ∈ Ĥk′′(X ;Z), we have
(h ∗ h′)∗ h′′ = h ∗ (h′ ∗ h′′) .
The internal product is natural: for a smooth map (Y,B) ( f ,g)−−−→ (X ,A) we have:
( f ,g)∗(h ∗ h′) = ( f ,g)∗h ∗ f ∗h′ .
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Curvature, covariant derivative, characteristic class and topological trivializations are
multiplicative:
(curv,cov)(h ∗ h′) = (curv,cov)(h)∧ curv(h′) .
c(h ∗ h′) = c(h)∪ c(h′) .
ιϕ (ω ,ϑ)∗ h′ = ιϕ ((ω ,ϑ)∧ curv(h′)) ,
where (ω ,ϑ) ∈ Ωk−1(ϕ).
The group homomorphism ı˘ϕ : Ĥ∗−1(A;Z)→ Ĥ∗(ϕ ;Z) is multiplicative: for characters
h ∈ Ĥk−1(A;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
ı˘ϕ (h)∗ h′ = ı˘ϕ (h ∗ϕ∗h′) .(63)
Likewise, the homomorphism p˘ : Ĥ∗(ϕ ;Z) → Ĥ∗(X ;Z) is multiplicative: for characters
h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
p˘ϕ(h ∗ h′) = p˘ϕ(h)∗ h′ .(64)
Proof. To prove associativity, we need to keep track of the various pull-backs:
(h ∗ h′)∗ h′′ = ∆∗(X ,A)
((
∆∗(X ,A)h× h
′
)
× h′′
)
(52)
= ∆∗(X ,A)
((
∆(X ,A)× idX
)∗
(h× h′)× h′′
)
=
(
(∆(X ,A)× idX)◦∆(X ,A)
)∗(
(h× h′)× h′′)
)
(51)
=
(
(id(X ,A)×∆X)◦∆(X ,A)
)∗(
h× (h′× h′′)
)
(52)
= ∆∗(X ,A)
(
h×∆∗X(h′× h′′)
)
= h ∗ (h′ ∗ h′′) .
In the third last equation we used equality of the maps
(∆(X ,A)× idX)◦∆(X ,A) = (id(X ,A)×∆X)◦∆(X ,A) : (X ,A)→ (X ,A)× (X ×X) ,
(x,a) 7→ ((x,x,x),(a,ϕ(a),ϕ(a))) .
Naturality of the internal product follows from naturality of the cross product together with
the equality of maps
∆(X ,A) ◦ ( f ,g) = (( f ,g)× f )◦∆(Y,B) : (Y,B)→ (X ,A)×X .
Thus for characters h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z), we have:
( f ,g)∗h ∗ h′ = ( f ,g)∗∆∗X(h× h′)
= (∆X ◦ ( f ,g))∗(h× h′)
= (( f ,g)× f )◦∆Y )∗(h× h′)
(52)
= ∆∗Y (( f ,g)∗h× f ∗h′)
= ( f ,g)∗h ∗ f ∗h′ .
For curvature and covariant derivative, we have:
(curv,cov)(h ∗ h′) (53)= (curv,cov)(∆∗(X ,A)(h× h
′))
= ∆∗X ,A((curv,cov)(h)× curv(h′))
= (∆∗X curv(h)× curv(h′),∆∗A(idA×ϕ)∗cov(h)× curv(h′))
(52)
= (curv(h)∧ curv(h′),cov(h)∧ϕ∗curv(h′))
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(62)
= (curv,cov)(h)∧ curv(h′) .
Likewise, for topological trivializations we have:
ιϕ(ω ,ϑ)∗ h′ = ∆∗(X ,A)(ιϕ(ω ,ϑ)× h′)
(55)
= ∆∗(X ,A)ιϕ((ω ,ϑ)× curv(h′))
= ιϕ ((ω ,ϑ)∧ curv(h′)) .
Multiplicativity of the characteristic class follows from (54) and the fact that the cup prod-
uct is the pull-back along ∆(X ,A) of the cross product.
It remains to prove multiplicativity of the homomorphisms ı˘ and p˘. For characters
h ∈ Ĥk−1(A;Z) and h′ ∈ Ĥk′(X ′;Z), and a cycle (s, t) ∈ Zk+k′−1(ϕ ;Z) we have:
(ı˘ϕ (h)∗ h′)(s, t) =
(
∆∗(X ,A)(ı˘ϕ(h)× h
′)
)
(s, t)
(56)
=
(
∆∗(X ,A)ı˘ϕ (h× h
′)
)
(s, t)
= (h× h′)
(
(idA×ϕ)◦∆A
)
∗
(t)
(52)
= ∆∗A(h×ϕ∗h′)(t)
= ı˘ϕ(h ∗ϕ∗h′)(s, t) .
Likewise, for characters h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z) and a cycle z ∈ Zk+k′−1(X ;Z)
we have:
(p˘ϕ (h)∗ h′)(z) = ∆∗X(p˘ϕ (h)× h′)(z)
(57)
= (h× h′)(∆X ∗z,0)
=
(
∆∗(X ,A)(h× h
′)
)
(z,0)
= p˘ϕ(h ∗ h′)(z) . 
4.2.5. Uniqueness of the cross product and module structure. In [1, Ch. 6] we have shown
uniqueness of the external and internal product between absolute differential characters.
This in particular implies uniqueness of the ring structure on differential cohomology. The
proof starts from an axiomatic definition of the cross product. The axioms essentially
coincide with the properties in Theorem 23 (for the absolute case).
The methods of proof used in [1, Ch. 6] directly apply to the external product between
relative and absolute differential characters defined in the present work. Thus we could
have defined the external product axiomatically by the properties in Theorem 23. Then
we could have derived the formulae (49) and (50) from this axiomatic decription. This
would have proved uniqueness of the external and internal product and hence uniqueness
of the right Ĥ∗(X ;Z)-module structure on the relative differential cohomology Ĥ∗(ϕ ;Z)
of a smooth map ϕ : A → X .
Thus we note without explicit proof here:
Corollary 26. The relative differential cohomology Ĥ∗(ϕ ;Z) of a smooth map ϕ : A → X
carries the structure of a right module over the ring Ĥ∗(X ;Z). The module structure is
uniquely determined by the properties in Theorem 25.
4.2.6. The module structure on parallel characters. In Theorem 14 we have shown that
the graded abelian group Ĥ∗(X ,A;Z) defined by characters on the groups of relative cycles
coincides with the subgroup of parallel characters in Ĥ∗(iA;Z), where iA : A → X is the
embedding of a smooth submanifold. By Theorems 23 and 25, the external and internal
products of relative and absolute differential characters are multiplicative with respect to
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the covariant derivative. Thus products of flat characters with absolute characters are again
flat characters. In other words, we have:
Corollary 27. Let iA : A → X be the inclusion of a smooth submanifold. Then there exist
unique natural internal and external products
× : Ĥk(X ,A;Z)× Ĥk
′
(X ′;Z)→ Ĥk+k
′
(X ×X ′,A×X ′;Z) , (h,h′) 7→ h× h′ ,
∗ : Ĥk(X ,A;Z)× Ĥk
′
(X ;Z)→ Ĥk+k
′
(X ,A;Z) , (h,h′) 7→ h ∗ h′ ,
such that curvature, characteristic class and topological trivializations are multiplicative.
Moreover, the products are associative with respect to absolute characters.
In particular, the graded abelian group Ĥ∗(X ,A;Z) carries a unique structure of a right
module over the ring Ĥ∗(X ;Z).
Remark 28. By the identification of the relative Hopkins-Singer group ˇH∗(ϕ ;Z) as a sub-
group of the group Ĥ∗(ϕ ;Z) of relative differential characters, we have induced external
and internal products
× : ˇHk(ϕ ;Z)× Ĥk′(X ′;Z)→ ˇHk+k′(ϕ × idX ′ ;Z) , (h,h′) 7→ h× h′ ,
∗ : ˇHk(ϕ ;Z)× Ĥk′(X ;Z)→ ˇHk+k′(ϕ ;Z) , (h,h′) 7→ h ∗ h′ ,
This is well-defined, since for h ∈ ˇHk(ϕ ;Z) ⊂ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(X ′;Z) we have
cov(h× h′) = cov(h)×ϕ∗curv(h′) ∈ Ωk+k′−10 (A×X ′). Hence h× h′ lies in the subgroup
ˇHk+k′(ϕ ;Z)⊂ Ĥk+k′(ϕ ;Z) of characters with covariant derivative a closed form with inte-
gral periods.
This yields a right Ĥ∗(X ;Z)-module structure also on ˇH∗(ϕ ;Z).
5. FIBER INTEGRATION AND TRANSGRESSION
Let pi : E → X be a fiber bundle with closed oriented fibers. There are natural fiber
integration maps
ffl
F : Ω
k(E)→ Ωk−dimF(X) for differential forms and pi! : Hk(E;Z) →
Hk−dimF(X ;Z) for integral cohomology. Thus it is natural to expect that there exists a
fiber integration map Ĥ∗(E;Z) → Ĥk−dimF(X ;Z) that induces the well-known maps on
the curvature and charactristic class.
Such fiber integration maps have been constructed for several models of differential
cohomology, see [25], [11] for differential cocycles, [17], [28] for simplicial forms, [23]
for de Rham-Feder currents and [1] for the original model of differential characters. In
[1, Ch. 7] we proved that fiber integration is uniquely determined by the requirements to
be compatible with pull-back diagrams and with fiber integration for differential forms
(i.e. with curvature and topological trivializations). The proof is constructive in that it
yields an explicit formula for the fiber integration map. In particular, the various construc-
tions in the different models for differential cohomology yield the same fiber integration
map.
In this section we use the method from [1] to construct fiber integration and transgres-
sion maps for relative differential characters. In particular, we make use of the pull-back
operation for geometric relative cycles and the transfer maps constructed in Sections 2.6
and 2.7. We show that fiber integration for relative characters is compatible via the homo-
morphisms ı˘ and p˘ with fiber integration for absolute characters. As a corollary, we obtain
fiber integration and transgression maps for parallel characters. Moreover, fiber integration
and transgression commute with the long exact sequences (30) and (35).
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5.1. Fiber integration. Let pi : E → X be a fiber bundle and ϕ : A → X a smooth map.
We have the pull-back diagram
ϕ∗E Φ //
pi

E
pi

A ϕ // X .
In the following we construct fiber integration for relative differential characters. We dis-
cuss its compatibility with curvature, covariant derivative, topological trivializations and
characteristic class and with fiber integration for absolute differential characters.
5.1.1. Construction of the fiber integration map. For convenience of the reader, we recall
the formula for fiber integration of (absolute) differential characters obtained in [1, Ch. 7].
For a differential character h∈ Ĥk(E;Z) and a smooth singular cycle z ∈ Zk−dimF−1(X ;Z),
we have:
(65) pi!h(z) = h(λ (z)) · exp
(
2pi i
ˆ
a(z)
 
F
curv(h)
)
.
We now adapt this formula to relative differential characters.
Let h ∈ Ĥk(Φ;Z). To evaluate the integrated character pi!h ∈ Ĥk−dimF(ϕ ;Z) on a cy-
cle (s, t) ∈ Zk−dimF−1(ϕ ;Z), we use the homomorphism (a,b)ϕ from Section 2.6 and the
transfer map λϕ defined in Section 2.7.
Definition 29. Let ϕ : A → X be a smooth map. Let F →֒ E pi։ X be a fiber bundle
with closed oriented fibers. Let k ≥ dimF + 2. Fiber integration for relative differential
characters is the group homomorphism pi! : Ĥk(Φ;Z)→ Ĥk−dimF(ϕ ;Z) defined by
(66) (pi!h)(s, t) := h(λϕ(s, t)) · exp
(
2pi i
ˆ
(a,b)ϕ(s,t)
 
F
(curv,cov)(h)
)
.
Here (s, t) ∈ Zk−dimF−1(ϕ ;Z).
Clearly, the mapping h 7→ pi!h is a additive in h, thus pi! is a group homomorphism.
Moreover, the map (s, t) 7→ (pi!h)(s, t), defined by the right hand side of (66), is a group
homomorphism Zk−1−dimF(ϕ ;Z) → U(1), since the maps λϕ and (a,b)ϕ are group ho-
momorphisms. In order to show that this homomorphism is indeed a differential char-
acter in Ĥk−dimF(ϕ ;Z), we need to evaluate it on a boundary ∂ϕ(v,w), where (v,w) ∈
Ck−dimF(ϕ ;Z). This will be done in the proof of Theorem 32 below.
5.1.2. Well-definedness. Before discussing its properties, we show that fiber integration
is well-defined, i.e. its definition is independent of the choice of geometric representative
(ζ ,τ)ϕ (s, t) and chain (a,b)ϕ(s, t):
Lemma 30. Let ϕ : A → X be a smooth map and pi : E → X a fiber bundle with closed
oriented fibers. Let k ≥ 2. Let h ∈ Ĥk(Φ;Z) and (s, t) ∈ Zk−1−dimF(ϕ ;Z). Let (ζ ′,τ ′) ∈
Zk−1−dimF(X) and (a′,b′) ∈ Ck−dimF(ϕ ;Z) be any geometric cycle and singular chain
such that [ζ ′,τ ′]∂ϕ Sk−dimF = [(s, t)− ∂ϕ(a′,b′)]∂ϕ Sk−dimF . Then we have:
(67) (pi!h)(s, t) = h([PBE,ϕ∗E(ζ ,τ)]∂ϕ Sk) · exp
(
2pi i
ˆ
(a′,b′)
 
F
(curv,cov)(h)
)
.
Proof. Since the geometric cycles (ζ ,τ) and (ζ ′,τ ′) represent the same homology class in
Hk−1−dimF(ϕ ;Z), they are bordant. A bordism (W,M)
(F,G)
−−−→ (X ,A) from (ζ ,τ) to (ζ ′,τ ′)
yields a bordism (F∗E,G∗(ϕ∗E)) (F,G)−−−→ (E,ϕ∗E) from PBE,ϕ∗E(ζ ,τ) to PBE,ϕ∗E(ζ ′,τ ′).
By equation (2) and the assumption, we have
∂ϕ
(
(F,G)∗[W,M]Sk−dimF
) (2)
= [ζ ′,τ ′]∂ϕ Sk−dimF − [ζ ,τ]∂ϕ Sk−dimF
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= [∂ϕ(a,b)− ∂ϕ(a′,b′)]∂ϕ Sk−dimF .
In particular, we find a cycle (x,y) ∈ Zk−dimF(ϕ ;Z) such that
(68) (F,G)∗[W,M]Sk−dimF = [(a,b)− (a′,b′)− (x,y)]Sk−dimF .
Using (9), we obtain:
h([PBE,ϕ∗E(ζ ′,τ ′)]∂ϕ Sk) ·
(
h([PBE,ϕ∗E(ζ ,τ)]∂ϕ Sk)
)−1
(9)
= h(∂ϕ(F,G)∗[F∗E,G∗(ϕ∗E)]Sk)
= exp
(
2pi i
ˆ
[F∗E,G∗(ϕ∗E)]Sk
(F,G)∗(curv,cov)(h)
)
= exp
(
2pi i
ˆ
[W,M]Sk−dimF
(F,G)∗
 
F
(curv,cov)(h)
)
(68)
= exp
[
2pi i
(ˆ
(a,b)−(a′,b′)
 
F
(curv,cov)(h)+
ˆ
(x,y)
 
F
(curv,cov)(h)︸ ︷︷ ︸
∈Z
)]
= exp
(
2pi i
ˆ
(a,b)−(a′,b′)
 
F
(curv,cov)(h)
)
. 
Remark 31. As a consequence of the preceding lemma, we note that if the cycle (s, t) is a
fundamental cycle of a relative geometric cycle (ζ ′,τ ′), we do not need the chain (a′,b′).
In this case, the formula (66) for fiber integration thus simplifies to
(69) (pi!h)(s, t) = h(λϕ(s, t)) .
5.1.3. Naturality and compatibilities. In order to discuss naturality of fiber integration, we
consider pull-back diagrams for smooth maps in the base: Let ψ : B→Y be a smooth map.
Let (Y,B)
( f ,g)
−−−→ (X ,A) be a smooth map, such that the diagram
B
ψ //
g
❄
❄❄
❄❄
❄❄
❄ Y
f
❄
❄
❄
❄
❄
❄
❄
A
ϕ // X
commutes. A fiber bundle pi : E → X yields a commutative diagram of pull-back bundles:
(70) g∗(ϕ∗E) Ψ //

G
$$■
■■
■■
■■
■■
f ∗E

F
  ❆
❆❆
❆❆
❆❆
❆
ϕ∗E Φ //

E

B
ψ //
g
%%❏
❏❏
❏❏
❏❏
❏❏
❏❏
Y
f
!!❈
❈❈
❈❈
❈❈
❈
A ϕ
// X
Here Ψ : g∗(ϕ∗E)→ f ∗E is the bundle map induced by ψ : B → Y .
Now we prove the main theorem of this section:
Theorem 32 (Fiber integration: naturality and compatibilities). Let ϕ : A→X be a smooth
map. Let F →֒E
pi
։X be a fiber bundle with closed oriented fibers. Let k≥ dimF+2. Then
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the fiber integration map pi! : Ĥk(Φ;Z)→ Ĥk−dimF(ϕ ;Z) is natural with respect to pull-
back diagrams (70), i.e. for any smooth map (Y,B) ( f ,g)−−−→ (X ,A) and differential character
h ∈ Ĥk(Φ;Z), we have:
(71) pi!((F,G)∗h) = ( f ,g)∗pi!(h) .
In other words, the following diagram is commutative for all k ≥ dimF + 2:
(72) Ĥk(Φ;Z) (F,G)
∗
//
pi!

Ĥk(Ψ;Z)
pi!

Ĥk−dimF(ϕ ;Z)
( f ,g)∗
// Ĥk−dimF(ψ ;Z) .
Fiber integration is compatible with curvature and covariant derivative, i.e., the diagram
(73) Ĥk(Φ;Z)
pi!

(curv,cov) // Ωk0(Φ)
ffl

Ĥk−dimF(ϕ ;Z)
(curv,cov)
// Ωk−dimF0 (ϕ)
commutes.
Fiber integration is compatible with topological trivializations, i.e., the diagram
(74) Ωk−1(Φ)
ffl

ι // Ĥk(Φ;Z)
pi!

Ωk−1−dimF(ϕ)
ι
// Ĥk−dimF(ϕ ;Z)
commutes.
Fiber integration for relative differential characters commutes with the maps ı˘ and p˘. We
thus have the commutative diagram
(75) Ĥk−1(ϕ∗E;Z) ı˘Φ //
pi!

Ĥk(Φ;Z)
p˘Φ //
pi!

Ĥk(E;Z)
pi!

Ĥk−1−dimF(A;Z)
ı˘ϕ // Ĥk−dimF(ϕ ;Z)
p˘ϕ // Ĥk−dimF(X ;Z) .
Proof. a) We first show naturality: Let ψ : B→Y and (Y,B) ( f ,g)−−−→ (X ,A) be a smooth maps.
Let h ∈ Ĥk(Φ;Z) and (s, t) ∈ Zk−dimF−1(ψ ;Z). Choose (ζ ,τ)ψ (s, t) ∈Zk−dimF−1(ψ) and
(a,b)ψ(s, t) ∈Ck−dimF(ψ ;Z) such that [(s, t)− ∂ψ(a,b)]∂ψ Sk−dimF = [ζ ,τ]∂ψ Sk−dimF .
Now put
(ζ ,τ)ϕ (( f ,g)∗(s, t)) := ( f ,g)∗((ζ ,τ)ψ (s, t)) ∈Zk−dimF−1(ϕ)
(a,b)ϕ(( f ,g)∗(s, t)) := ( f ,g)∗
(
(a,b)ψ(s, t)
)
∈Ck−dimF(ϕ ;Z) .
In particular, we may choose the transfer maps naturally such that λϕ(( f ,g)∗(s, t)) :=
(F,G)∗λψ(s, t). This yields:
(pi!((F,G)∗h))(s, t) =
(
(F,G)∗h
)
(λψ(s, t))
· exp
(
2pi i
ˆ
(a,b)ψ(s,t)
 
F
(curv,cov)((F,G)∗h))
)
= h((F,G)∗λψ(s, t)) · exp
(
2pi i
ˆ
(a,b)ψ (s,t)
( f ,g)∗
 
F
(curv,cov)(h)
)
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= h(λϕ(( f ,g)∗(s, t))) ·
(
2pi i
ˆ
(a,b)ϕ(( f ,g)∗(s,t))
 
F
(curv,cov)(h)
)
= (pi!h)(( f ,g)∗(s, t))
=
(
( f ,g)∗pi!h
)
(s, t) .
b) Next we compute the curvature and covariant derivative of the character pi!h. To this
end we evaluate pi!h on a boundary ∂ϕ(v,w), where (v,w) ∈Ck−dimF(ϕ ;Z):
(pi!h)(∂ϕ(v,w)) = h(λϕ(∂ϕ (v,w))) · exp
(ˆ
(a,b)ϕ(∂ϕ (v,w))
 
F
(curv,cov)(h)
)
(16)
= h(∂Φλϕ(v,w)) · exp
(ˆ
(a,b)ϕ(∂ϕ (v,w))
 
F
(curv,cov)(h)
)
= exp
(
2pi i
(ˆ
λϕ (v,w)
(curv,cov)(h)+
ˆ
(a,b)ϕ(∂ϕ (v,w))
 
F
(curv,cov)(h)
))
(17)
= exp
(
2pi i
ˆ
(v,w)
 
F
(curv,cov)(h)
)
.
Thus the homomorphism Zk−dimF−1(ϕ ;Z)→ U(1) defined by the right hand side of (66)
satisfies condition (20). We conclude that pi!h is a differential character in Ĥk−dimF(ϕ ;Z)
with curvature curv(pi!h) =
ffl
F curv(h) and covariant derivative cov(pi!h) =
ffl
F cov(h).
c) Now we prove compatibility with topological trivializations: Let (ω ,ϑ) ∈ Ωk−1(Φ)
and (s, t) ∈ Zk−1−dimF(ϕ ;Z). Then we have:
pi!
(
ιΦ(ω ,ϑ)
)
(s, t) =
(
ιΦ(ω ,ϑ)
)
(λϕ(s, t)) · exp
(
2pi i
ˆ
(a,b)ϕ (s,t)
 
F
(curv,cov)(ιϕ (ω ,ϑ))︸ ︷︷ ︸
=dΦ(ω,ϑ )
)
= exp
(
2pi i
(ˆ
λϕ (s,t)
(ω ,ϑ)+
ˆ
(a,b)ϕ(s,t)
 
F
dΦ(ω ,ϑ)
))
(7)
= exp
(
2pi i
(ˆ
λϕ (s,t)
(ω ,ϑ)+
ˆ
(a,b)ϕ(s,t)
dϕ
 
F
(ω ,ϑ)
))
(15)
= exp
(
2pi i
ˆ
(s,t)
 
F
(ω ,ϑ)
)
= ιϕ
( 
F
(ω ,ϑ)
)
(s, t) .
d) Finally we prove compatibility with the maps ı˘ and p˘. It follows from diagram (14),
i.e. from compatibility of the transfer maps with the sequence (12). Let h ∈ Ĥk−1(ϕ∗E;Z)
and (s, t) ∈ Zk−dimF−1(ϕ ;Z). Let σ : Zk−dimF−2(A;Z)→ Zk−dimF−1(ϕ ;Z) be a splitting as
in (12). Write (s, t) = (z,0)+σ(t). Then we have:
pi!(ı˘Φ(h))(s, t)
(66)
= ı˘Φ(h)(λϕ(s, t)) · exp
(
2pi i
ˆ
(a,b)ϕ (s,t)
 
F
(curv,cov)(ı˘Φ(h))︸ ︷︷ ︸
=(0,−curv(h))
)
= h(p(λϕ(s, t))) · exp
(
2pi i
ˆ
−a(t)
 
F
−curv(h)
)
(14)
= h(λ (t)) · exp
(
2pi i
ˆ
a(t)
curv(h)
)
(65)
= (pi!h)(t)
= ı˘ϕ(pi!h)(s, t) .
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Similarly, for a character h ∈ Ĥk(Φ;Z) and a cycle z ∈ Zk−dimF−1(X ;Z), we have:
p˘ϕ(pi!h)(z) = (pi!h)(z,0)
= h(λϕ(z,0)) · exp
(
2pi i
ˆ
(a,b)ϕ(z,0)
 
F
(curv,cov)(h)
)
(14)
= h((λ (z),0)) · exp
(
2pi i
ˆ
(a(z),0)
 
F
(curv,cov)(h)
)
= p˘Φ(h)(λ (z)) · exp
(
2pi i
ˆ
a(z)
 
F
curv(p˘Φ(h))
)
(65)
= pi!(p˘Φ(h))(z) . 
As a corollary of Theorem 32, we obtain compatibility of fiber integration with all
the maps in the long exact sequence (30) for relative and absolute differential characters
groups.
Corollary 33 (Compatibility with long exact sequence). Let pi : E → X be a fiber bundle
with oriented closed fibers and ϕ : A→ X a smooth map. Then the fiber integration map pi!
on (relative and absolute) differential characters commutes with all maps in the long exact
sequence (30), and with the usual fiber integration maps pi! on cohomology with U(1)- and
Z-coefficients, respectively.
Proof. Theorem 25 shows that pi! commutes with the maps ı˘ and p˘. The rest follows from
[1, Prop. 7.10, Prop. 7.11]. 
5.1.4. Compatibility with characteristic class. The Leray-Serre spectral sequence of a
fiber bundle pi : E → X has an obvious modification that converges to the mapping cone
cohomology H∗(Φ;Z). Using this modified spectral sequence, fiber integration on map-
ping cone cohomology groups pi! : Hk(Φ;Z)→ Hk−dimF(ϕ ;Z) can be defined in the same
way as in [5, § 8] for absolute cohomology. Compatibility of fiber integration with the
characteristic class is discussed in detail for absolute differential characters in [1, Ch. 7].
The crucial point is that fiber integration for cohomology classes can be realized by pre-
composition of cocycles with the transfer map:
pi! : Hk(E;Z)→ Hk−dimF(X ;Z) , [µ ] 7→ [µ ◦λ ] .
In the same way, we obtain compatibility of fiber integration of relative characters with the
characteristic class:
Remark 34 (Compatibility with characteristic class). Choosing an extension of the trans-
fer map λϕ to a homomorphism of chains as in (16), one can show that fiber integration
of differential characters is compatible with the characteristic class. Thus for any relative
character h ∈ Ĥk(Φ;Z), we have:
(76) c(pi!h) = pi!c(h) .
5.1.5. Fiber integration of parallel characters. By (73) we have cov(pi!h) =
ffl
F cov(h).
Thus fiber integrals of parallel characters are again parallel. This way we obtain fiber
integration on Ĥ∗(E,E|A;Z):
Corollary 35 (Fiber integration of parallel characters). Let pi : E → X be a fiber bundle
with closed oriented fibers. Let iA : A → X be the embedding of a smooth submanifold.
Denote by IA : E|A → E the induced bundle map. Let k ≥ dimF + 2. Then the inclusion
Ĥk(E,E|A;Z) →֒ Ĥk(IA;Z) induces a natural fiber integration map
pi! : Ĥk(E,E|A;Z)→ Ĥk−dimF(X ,A;Z)
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that commutes with curvature, characteristic class and topological trivializations. More-
over, it commutes with the long exact sequence (35) and fiber integration for cohomology
with U(1)- and Z-coefficients, respectively.
By the fiberwise Stokes theorem, the fiber integral of a closed form with integral pe-
riods is again closed with integral periods (as long as the fibers are closed). Thus by the
idenfication from [7] of the relative Hopkins-Singer group ˇHk(Φ;Z) as the quotient of
the subgroup Ĥk0(Φ;Z) ⊂ Ĥk(Φ;Z) by closed forms with integral periods on E , the fiber
integration map pi! descends to the relative Hopkins-Singer group:
Corollary 36 (Fiber integration of relative differential cocycles). Let pi : E → X be a fiber
bundle with closed oriented fibers. Let ϕ : A → X be a smooth map and Φ : ϕ∗E → E
the induced bundle map. Let k ≥ dimF + 2. Then fiber integration of relative differential
characters descends to a fiber integration map
pi! : ˇHk(Φ;Z)→ ˇHk−dimF(ϕ ;Z)
that commutes with the long exact sequence (36).
5.2. Fibers with boundary. Let pi : E → X be a fiber bundle with compact oriented fibers
F with boundary ∂F . We have the induced fiber bundle pi∂E : ∂E →X with closed oriented
fibers. Fiber integration of differential forms satisfies the fiberwise Stokes theorem:
d
 
F
ω =
 
F
dω +(−1)k+dimF
 
∂F
ω ,
where ω ∈ Ωk(E). Likewise, we have the fiberwise Stokes theorem for mapping cone
differential forms:
(77) dϕ
 
F
(ω ,ϑ) =
 
F
dΦ(ω ,ϑ)+ (−1)k+dimF
 
∂F
(ω ,ϑ) ,
where (ω ,ϑ) ∈ Ωk(Φ). In particular, fiber integration over the boundary ∂F maps dΦ-
closed forms to dϕ -exact forms. Likewise, fiber integration in the bundle pi : ∂E → X of
mapping cone cohomology classes for the bundle map Φ : ϕ∗E → E yields the trivial map
pi∂E : Hk(Φ;Z)→ Hk−dim∂E(ϕ ;Z).
In [1, Ch. 7] we show that integration of differential characters on E over the fibers of
pi : ∂E → X yields topologically trivial characters on X . More precisely, for a character
h ∈ Ĥk(E;Z) with k ≥ dimF , we have:
(78) pi∂E! h = ι
(
(−1)k−dimF
 
F
curv(h)
)
.
Here we consider two generalizations of this result.
First we consider fiber integration of relative differential characters in the fiber bundle
pi∂E : ∂E → X .
Proposition 37. Let E → X be a fiber bundle with compact oriented fibers with boundary.
Let ϕ : A → X be a smooth map and Φ : ϕ∗E → E the induced bundle map. Then for any
character h ∈ Ĥk(Φ;Z), the integrated character pi∂E! h ∈ Ĥk−dim∂F(ϕ ;Z) is topologically
trivial, and we have:
(79) pi∂E! h = ι
(
(−1)k−dimF
 
F
(curv,cov)(h)
)
.
Proof. The integrated character pi∂E! h is topologically trivial since c(pi∂E! h) = pi∂E! (c(h))
and pi∂E! : Hk(Φ;Z)→ Hk−dim∂F(ϕ ;Z) is the trivial map. We compute the curvature and
covariant derivative of pi∂E! h using the fiberwise Stokes theorem (77):
(curv,cov)(pi∂E! h)
(73)
=
 
∂F
(curv,cov)(h)
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(77)
= (−1)k−dimFdϕ
(ˆ
F
(curv,cov)(h)
)
.
Now the exact sequences (22) together with the commutative diagram
Ω∗−1(ϕ)
dϕ //
ι

dϕ(Ω∗−1(ϕ))

Ĥ∗(ϕ ;Z)
(curv,cov)
// Ωk0(ϕ)
yield (79). 
We obtain another generalization of (78) by weakening the condition on the fiber bundle:
instead of a fiber bundle with fibers that bound we consider a fiber bundle pi : E → X and
a smooth map ϕ : A → X such that the pull-back bundle pi : ϕ∗E → A is the fiberwise
boundary of a fiber bundle pi ′ : E ′ → A. For this situation we introduce the following
notation:
Definition 38. Let pi : E → X be a fiber bundle with closed oriented fibers F and ϕ : A→X
a smooth map. We say that pi : E → X bounds along ϕ if there exists a fiber bundle
pi ′ : (E ′,∂E ′)→ A with compact oriented fibers with boundary (F ′,∂F ′) and a fiber bundle
isomorphism ∂E ′ → ϕ∗E over the identity idA. For short, we say that pi : E → X bounds
pi ′ : E ′ → A along ϕ : A → X .
With this notation, we obtain a generalization of (78) for bundles that bound along a
smooth map:
Proposition 39. Let pi : E → X be a fiber bundle with closed oriented fibers that bounds
a fiber bundle pi ′ : E ′ → A with compact oriented fibers with boundary (F ′,∂F ′) along
a smooth map ϕ : A → X. Then for any differential character h ∈ Ĥk(E;Z) the inte-
grated character pi!h ∈ Ĥk−dimF(X ;Z) has a section along ϕ with covariant derivative
(−1)k+dimF ′ ·
´
F ′ curv(Φ
∗h).
Proof. As above, the fiber integration map pi ′∂E ′! : Hk(E ′;Z)→ Hk−dim∂F ′(A;Z) is triv-
ial. Thus the integrated character pi!h is topologically trivial along ϕ , since ϕ∗c(pi!h) =
pi ′
∂E ′
(c(Φ∗h)) = 0. By the fiberwise Stokes theorem, the curvature satisfies:
ϕ∗curv(pi!h) =
 
F
Φ∗curv(h) =
 
∂F ′
curv(Φ∗h) = (−1)k+dimF ′ ·d
(ˆ
F ′
curv(Φ∗h)
)
.
Thus the integrated character pi!h admits a section along ϕ with covariant derivative
(−1)k+dimF ′ ·
´
F ′ curv(Φ
∗h). 
5.3. The up-down formula. Fiber integration for differential forms satisfies the following
up-down formula: Let (ω ,ϑ) ∈Ωk(ϕ) and ω ′ ∈ Ωk′(E). Then we have the equality 
F
pi∗(ω ,ϑ)∧ω ′ = (ω ,ϑ)∧
 
F
ω ′
of differential forms in Ωk+k′−dimF(ϕ). Likewise, for cohomology classes c ∈ Hk(ϕ) and
c′ ∈ Hk′(E;Z), we have
pi!(pi
∗c∪ c′) = c∪pi!c
′ .
More generally, fiber integration in cross products is compatible with cross products of
differential forms and cohomology classes in the following sense: Let pi : E → X and
pi ′ : E ′ → X ′ be fiber bundles with closed oriented fibers F and F ′. Let ϕ : A → X be a
smooth map and Φ : ϕ∗E → E the induced bundle map. Let (ω ,ϑ) ∈Ωk(Φ) and ω ′ ∈Ωk′
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be differential forms and c ∈ Hk(Φ;Z) and c′ ∈ Hk′(E ′;Z) cohomology classes. Then we
have:  
F×F ′
(ω ,ϑ)×ω ′ = (−1)(k′−dimF ′)·dimF ·
 
F
(ω ,ϑ)×
 
F ′
ω ′(80)
pi!(c× c
′) = (−1)(k′−dimF ′)·dimF ·pi!c×pi ′!c′ .(81)
In [1, Ch. 7] we proved the following up-down formula for absolute differential characters:
for h ∈ Ĥk(X ;Z) and h′ ∈ Ĥk′(E;Z), we have the equality
pi!(pi
∗h ∗ h′) = h ∗pi!h′
of differential characters in Ĥk+k′−dimF(X ;Z). Here we prove the relative version of this
up-down formula and the relative version of the compatibility of fiber integration with
cross products. The method of proof is the same as in [1, Ch. 7].
5.3.1. Compatibility with cross products. We start with compatibility of cross products
with fiber integration in fiber products:
Theorem 40 (Fiber integration: compatibility with fiber and cross products). Let pi : E →
X and pi ′ : E ′ → X ′ be fiber bundles with closed oriented fibers and ϕ : A → X a smooth
map. Let Φ : ϕ∗E → E be the induced bundle map. Let pi×pi ′ : E×E ′→X×X ′ denote the
fiber product with fiber orientation the product orientation of F×F ′. Then fiber integration
of differential characters is compatible with the fiber product and the cross product in the
sense that the following diagram is graded commutative:
Ĥk(Φ;Z)⊗ Ĥk′(E ′;Z)
pi!

pi ′!

× // Ĥk+k′(Φ× idE ′ ;Z)
pi×pi ′!

Ĥk−dimF(ϕ ;Z)⊗ Ĥk′−dimF ′(E ′;Z) × // Ĥk+k′−dim(F×F ′)(ϕ × idX ′ ;Z) .
More explicitly, for characters h ∈ Ĥk(Φ;Z) and h′ ∈ Ĥk′(E ′;Z) we have:
(82) pi!h×pi ′!h′ = (−1)(k
′−dimF ′)·dimF ·pi×pi ′!(h× h′) .
Proof. Let h ∈ Ĥk(Φ;Z) and h′ ∈ Ĥk′(E ′;Z). We compare the two sides of (82) by evalu-
ating them on cycles in Zk+k′−dim(F×F ′)−1(ϕ × idX ′ ;Z). By definition of the cross product,
we consider the evaluation on cross products of cycles and on cycles in the Ku¨nneth com-
plement Tk+k−dim(F×F ′)−1(ϕ × idX ′ ;Z) separately. More specifically, we may assume the
cycles (x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z) to be fundamental cycles of appropriately cho-
sen stratifolds. For the correction terms are boundaries which may be added to the torsion
cycles in Tk+k−dim(F×F ′)−1(ϕ × idX ′ ;Z).
The transfer map on the fiber product can be chosen multiplicatively as in (18). Let
(x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z). If (i, j) neither equals (k− 1− dimF,k′− dimF ′)
nor (k− dimF,k′− 1− dimF ′), then both sides of (82) vanish on (s, t) = (x,y)× y′. For
(i, j) = (k− 1− dimF,k′− dimF ′), we have:(
pi!h×pi ′!h′
)
((x,y)× y′) = (pi!h(x,y))〈c(pi
′
!h
′),y′〉
(69)
= h(λϕ(x,y))〈h
′,λ ′(y′)〉
(19)
= (−1)(k′−dimF ′)·dimF · (h× h′)(λϕ×idX ′ (x,y)× y
′)
= (−1)(k′−dimF ′)·dimF
(
pi ×pi ′!(h× h′)
)
((x,y)× y′) .
Similarly, for (i, j) = (k− dimF,k′− 1− dimF ′), we find:(
pi!h×pi ′!h′
)
((x,y)× y′) = (pi ′!h′(y′))(−1)
k−dimF ·〈c(pi!h),(x,y)〉
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= h′(λ ′(y′))(−1)k−dimF ·〈c(h),λϕ (x,y)〉
= (h× h′)((−1)dimF ·λϕ(x,y)×λ ′(y′))
(19)
= (−1)(k
′−1−dimF ′)·dimF · (−1)dimF · (h× h′)(λϕ×idX ′ (x,y)× y
′)
= (−1)(k
′−dimF ′)·dimF ·
(
pi ×pi ′!(h× h′)
)
((x,y)× y′) .
It remains to verify (82) on the Ku¨nneth complement Tk+k′−dim(F×F ′)−1(ϕ× idX ′ ;Z) and
on the correction terms obtained from replacing cycles (x,y) ∈ Zi(ϕ ;Z) and y′ ∈ Z j(X ′;Z)
by fundamental cycles of appropriately chosen stratifolds. It suffices that (more generally)
the two sides of (82) coincide on all torsion cycles. By Remark 6 this follows from the fact
that curvature, covariant derivative and characteristic class of the two sides of (82) coincide.
The latter follows from multiplicativity (53), (54), compatibility of fiber integration with
curvature, covariant derivative and characteristic class (73), (76) and compatibility of fiber
integration in fiber products with cross products of differential forms and cohomology
classes (80), (81). 
5.3.2. The up-down formula. As a corollary of the compatibility of the cross product with
fiber integration in fiber products we obtain the following up-down formula:
Corollary 41 (Up-down formula). Let pi : E → X be fiber bundle with closed oriented
fibers. Let ϕ : A → X be a smooth map. Let h ∈ Ĥk(ϕ ;Z) and h′ ∈ Ĥk′(E;Z). Then we
have the equality
(83) pi!(pi∗h ∗ h′) = h ∗pi!h′
of differential characters in Ĥk+k′−dimF(ϕ ;Z).
Proof. The method of proof is the same as for absolute differential characters in [1, Ch. 7].
We first consider the fiber product E×E →X×X . Write this as the composite fiber bundle
E×E pi×idE−−−→ X ×E idX ×pi−−−−→ X ×X . Let
∆(E,ϕ∗E) := (∆E ,(idϕ∗E ×Φ)◦∆ϕ∗E) : (E,ϕ∗E)→ (E,ϕ∗E)×E
and
∆(X ,A) = (∆X ,(idA×ϕ)◦∆A) : (X ,A)→ (X ,A)×X
be the relative diagonal maps as in Section 4.2. Then we have the pull-back diagram
(84) (E,ϕ∗E)×E
pi×idE

(E,ϕ∗E)
(pi×idE )◦∆(E,ϕ∗E)
//
pi

∆(E,ϕ∗E)
44❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤❤
(X ,A)×E
id(X ,A)×pi

(X ,A)
∆(X ,A)
// (X ,A)×X
The map (pi × idE) ◦∆(E,ϕ∗E) : (E,ϕ∗E)→ (X ,A)×E is the bundle map induced by the
diagonal map ∆(X ,A) : (X ,A)→ (X ,A)×X . Now we compute:
pi!(pi
∗h ∗ h′) = pi!(∆∗(E,ϕ∗E)(pi
∗h× h′))
(52)
= pi!
(
∆∗(E,ϕ∗E)((pi × idE)
∗(h× h′))
)
(71)
= ∆∗(X ,A)(îd×pi)!(h× h
′)
(82)
= ∆∗(X ,A)(h×pi!h
′)
= h ∗pi!h′ .
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In the second last equation, the sign from (82) drops out since we are considering the fiber
product id(X ,A)×pi : (X ,A)×E → (X ,A)×X , where the bundle on the first factor has point
fibers. 
5.4. Transgression. Transgression of differential characters along oriented closed mani-
folds Σ was constructed in [1, Ch. 9]. Here we adapt this construction to relative differential
characters. Transgression of relative characters is used in [1].
5.4.1. Transgression along closed manifolds. Let Σ be a closed oriented manifold. De-
note by evΣ : C∞(Σ,X)×Σ → X , ( f ,m) 7→ f (m), the evaluation map. Composition with
a smooth map ϕ : A → X induces a smooth map ϕ : C∞(Σ,A) → C∞(Σ,X), f 7→ ϕ ◦ f .
Moreover, the evaluation map yields a smooth map evΣ : C∞(Σ,(X ,A))× Σ → (X ,A),
(( f ,g),m) 7→ ( f (m),g(m)).
Transgression of relative differential characters in Ĥk(ϕ ;Z) is defined by pull-back
along the evaluation map evΣ followed by integration over the fiber Σ of the trivial bundle
pi : C∞(Σ,(X ,A))×Σ→C∞(Σ,(X ,A)):
Definition 42 (Transgression along Σ). Let ϕ : A→ X be a smooth map. Let Σ be a closed
oriented manifold. Transgression along Σ is the group homomorphism
τΣ : Ĥk(ϕ ;Z)→ Ĥk−dimΣ(ϕ ;Z) , h 7→ pi!(ev∗Σh) .
From the commutative diagram (75) we conclude that transgression for relative charac-
ters commutes with the maps ı˘ and p˘ and transgression for absolute characters constructed
in [1, Ch. 9]:
Proposition 43. Let ϕ : A→ X be a smooth map. Let Σ be a closed oriented surface. Then
the transgression maps τΣ for absolute and relative characters groups commute with the
maps ı˘ and p˘. Thus we have the commutative diagram:
(85)
Ĥk−1(A;Z)
τΣ

ı˘ϕ // Ĥk(ϕ ;Z)
τΣ

p˘ϕ // Ĥk(X ;Z)
τΣ

Ĥk−1−dimΣ(C∞(Σ,A);Z)
ı˘ϕ // Ĥk−dimΣ(ϕ ;Z)
p˘ϕ // Ĥk−dimΣ(C∞(Σ,X);Z) .
Proof. The claim follows from naturality of the homomorphisms ı˘ and p˘ and the commu-
tative diagram (75): Let h ∈ Ĥk−1(A;Z). For the left square in (85) we have:
τΣ ı˘ϕ(h) = pi!(ev∗Σ(ı˘ϕ (h)))
(28)
= pi!(ı˘Φ(ev
∗
Σh))
(75)
= ı˘ϕ (pi!(ev
∗
Σh)) = ı˘ϕ(τΣh) .
Let h ∈ Ĥk(ϕ ;Z). Similarly to the above we find for the right square in (85):
τΣ p˘ϕ(h) = pi!(ev∗Σ p˘ϕ(h))
(29)
= pi!(p˘Φ(ev
∗
Σh))
(75)
= p˘ϕ(pi!(ev∗Σh)) = p˘ϕ(τΣh) . 
5.4.2. Transgression along manifolds with boundary. Let W be a compact oriented mani-
fold with boundary. We consider the space of smooth maps (W,∂W ) ( f ,g)−−−→ (X ,A) and the
restriction map
r : C∞(W,(X ,A))→C∞(∂W,(X ,A)) , ( f ,g) 7→ ( f ,g)|∂W .
The trivial fiber bundle pi : C∞(∂W,(X ,A))× ∂W → C∞(∂W,(X ,A)) bounds the trivial
fiber bundle pi : C∞(W,(X ,A))×W → C∞(W,(X ,A)) along the restriction map r. Let
h∈ Ĥk(X ;Z). By Proposition 39 the transgressed character τ∂W h admits sections along the
restriction map r with prescribed covariant derivative (−1)k−dimW
ffl
W ev
∗
W curv(h). Simi-
larly, for any relative character h ∈ Ĥk(ϕ ;Z), the transgressed character τ∂W h becomes
topologically trivial upon pull-back along the restriction map. A topological trivialization
of r∗τ∂W h is given by (−1)k−dimW
ffl
W ev
∗
W (curv,cov)(h).
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APPENDIX A. KU¨NNETH SPLITTINGS
In the appendix we recall the construction of splittings of the Ku¨nneth sequence on the
level of cycles by using the classical Alexander-Whitney and Eilenberg-Zilber maps. We
use these well-known splittings to construct an analogous splitting of the mapping cone
Ku¨nneth sequence on the level of cycles. In the main text, we refer to these splittings as
Ku¨nneth splittings.
Alexander-Whitney and Eilenberg-Zilber maps. We denote the well-known Alexander-
Whitney and Eilenberg-Zilber maps by
C∗(X ×X ′;Z)
AW // C∗(X ;Z)⊗C∗(X ′;Z) .
EZ
oo
These are chain homotopy inverses of each other with AW ◦EZ = idC∗(X ;Z)⊗C∗(X ′;Z) and
EZ ◦ AW chain homotopic to the identity on C∗(X ×X ′;Z), see [30, p. 167]. They are
used in [1, Ch. 6] to construct a splitting of the Ku¨nneth sequence on the level of cycles.
Moreover, the Alexander-Whitney map relates the cross product of cochains to the tensor
product.
In [1, Ch. 6], we construct a splitting of the Ku¨nneth sequence
0 →
[
H∗(X ;Z)⊗H∗(X ′;Z)
]
n
×
−→Hn(X ×X ′;Z)→ Tor(H∗(X ;Z),H∗(X ′;Z))n−1 → 0
on the level of cycles as follows: Let s : C∗(X ;Z)→ Z∗(X ;Z) be a splitting of the sequence
0 → Z∗(X ;Z)
i
−→ C∗(X ;Z)
∂
−→ B∗−1(X ;Z)→ 0. Similarly, we have the inclusion i′ and a
splitting s′ on X ′. Set S := (s⊗ s′) ◦AW and K := EZ ◦ (i⊗ i′). Denote the cycles in the
tensor product complex by Z(C∗(X ;Z)⊗C∗(X ′;Z)). Then we obtain:
0 // Z∗(X ;Z)⊗Z∗(X ′;Z)
i⊗i′ //
K
++❱❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
Z(C∗(X ;Z)⊗C∗(X ′;Z))
EZ

//
s⊗s′
oo . . .
Z∗(X ×X ′;Z)
AW
OO
S
kk❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱❱
In particular S ◦K = (s⊗ s′)◦AW ◦EZ ◦ (i⊗ i′) = idZ∗(X ;Z)⊗Z∗(X ′;Z). We refer to the map S
as the Ku¨nneth splitting map.
The splitting allows us to decompose any cycle z ∈ Zk+k′−1(X ×X ′;Z) according to
z = K ◦S(z)+(z−K ◦S(z)). By the Ku¨nneth sequence, the latter represents a torsion class
in Hk+k′−1(X ×X ′;Z), whereas the former is a sum of cross products of cycles in X and
X ′, respectively. Thus
K ◦ S(z) = ∑
(i, j)
i+ j=k+k′−1
∑
α∈I
zαi × z
′α
j
for appropriate cycles zαi ∈ Zi(X ;Z) and z′
α
j ∈ Z j(X ′;Z).
The mapping cone Ku¨nneth splitting. Let ϕ : A→ X be a smooth map. We consider the
induced map ϕ × idX ′ : A×X ′→ X ×X ′. We use the Alexander-Whitney and Eilenberg-
Zilber maps above to define Alexander-Whitney and Eilenberg-Zilber maps for the map-
ping cone complexes such that the following diagram commutes:
C∗(ϕ ;Z)⊗C∗(X ′;Z)
EZϕ×idX ′

(
C∗(X ;Z)⊗C∗(X ′;Z)
)
⊕
(
C∗−1(A;Z)⊗C∗(X ′;Z)
)
EZA×X ′

EZX×X ′

C∗(ϕ× idX ′ ;Z)
AWϕ×idX ′
OO
C∗(X ×X ′;Z)⊕C∗−1(A×X ′;Z)
AWA×X ′
OO
AWX×X ′
OO
Explicitly, we set AWϕ×idX ′ :=AWX×X ′⊗AWA×X ′ and EZϕ×idX ′ :=EZX×X ′⊕EZA×X ′ . Since
the usual Alexander-Whitney and Eilenberg-Zilber maps are natural chain maps, so are the
maps on the mapping cone complexes. Moreover AWϕ×idX ′ ◦ EZϕ×idX ′ = idC∗(ϕ×idX ′ ;Z)
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and EZϕ×idX ′ ◦AWϕ×idX ′ is chain homotopic to idC∗(ϕ;Z)⊗C∗(X ′;Z). The algebraic Ku¨nneth
sequence for the homology of the complexes C∗(ϕ ;Z) and C∗(X ′;Z) now reads:
0→
[
H∗(ϕ ;Z)⊗H∗(X ′;Z)
]
n
→Hn(C∗(ϕ ;Z)⊗C∗(X ′;Z))→Tor(H∗(ϕ ;Z),H∗(X ′;Z))n−1 → 0 .
The mapping cone Alexander-Whitney and Eilenberg-Zilber maps yield isomorphisms:
H∗(ϕ × idX ′ ;Z)
AWϕ×idX ′ // H∗(C∗(ϕ ;Z)⊗C∗(X ′;Z)) .
EZϕ×idX ′
oo
We thus obtain the topological Ku¨nneth sequence:
0 →
[
H∗(ϕ ;Z)⊗H∗(X ′;Z)
]
n
→ Hn(ϕ × idX ′ ;Z)→ Tor(H∗(ϕ ;Z),H∗(X ′;Z))n−1 → 0 .
We construct a splitting of this Ku¨nneth sequence at the level of cycles. Since the group of
boundaries B∗(ϕ ;Z) of the mapping cone complex is a free Z-module, we have the split
exact sequence
0 // Z∗(ϕ ;Z)
iϕ // C∗(ϕ ;Z)
∂ϕ //
sϕ
oo❴ ❴ ❴ B∗−1(ϕ ;Z) // 0 .
Let iϕ : Z∗(ϕ ;Z)→ C∗(ϕ ;Z) be the inclusion. Fix a splitting sϕ : C∗(ϕ ;Z)→ Z∗(ϕ ;Z).
Similarly, we denote by i′ : Z∗(X ′;Z)→ C∗(X ′;Z) the inclusion and by s′ : C∗(X ′;Z)→
Z∗(X ′;Z) a splitting for the smooth singular chain complex on X ′.
Now put S := (sϕ ⊗ s′)◦AWϕ×idX ′ and K := EZϕ×idX ′ ◦ (iϕ ⊗ i
′). Then we have
(86) S ◦K = (sϕ ⊗ s′)◦AWϕ×idX ′ ◦EZϕ×idX ′ ◦ (iϕ ⊗ i′) = idZ∗(ϕ;Z)⊗Z∗(X ′;Z) .
For cycles (x,y)∈ Z∗(ϕ ;Z) and z′ ∈ Z∗(X ′;Z) we have (x,y)×z′ =K((s, t)⊗z′). Likewise,
for chains (a,b) ∈C∗(ϕ ;Z) and c ∈C∗(X ′;Z) we have (a,b)× c′ = EZϕ×idX ′ ((a,b)⊗ c
′).
Denote the cycles in the tensor product complex by Z(C∗(ϕ ;Z)⊗C∗(X ′;Z)). By (86),
we obtain a splitting of the Ku¨nneth sequence on the level of cycles as in [1, Ch. 6]:
0 // Z∗(ϕ ;Z)⊗Z∗(X ′;Z)
iϕ⊗i′ //
K
++❱❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
❱❱❱
Z(C∗(ϕ ;Z)⊗C∗(X ′;Z))
EZϕ×idX ′

//
sϕ⊗s′
oo❴ ❴ ❴ ❴ ❴ ❴ . . .
Z∗(ϕ × idX ′ ;Z)
AWϕ×idX ′
OO✤
✤
✤
S
kk❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱ ❱
We refer to this as the mapping cone Ku¨nneth splitting.
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